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Abstract
These lectures contain a pedagogical review of non-perturbative
results from holomorphy and Seiberg duality with applications to dy-
namical SUSY breaking. Background material on anomalies, instan-
tons, unitarity bounds from superconformal symmetry, and gauge me-
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1 Holomorphy
Two of the early exciting observations about N = 1 SUSY [1] gauge theories
were the absence of quadratic loop corrections to scalar masses and the ab-
sence of renormalization for many superpotentials [2,3,4,5]. While the former
property was an immediately obvious consequence of Bose-Fermi symmetry,
the latter was only much later realized to follow in a very simple way from the
holomorphy [6,7] of the superpotential, that is from the fact that superpo-
tentials are functions of chiral superfields but not of the complex conjugates
of these fields. Holomorphy arguments laid the groundwork for the later
development of Seiberg duality [8,9].
1.1 Non-renormalization Theorems
Couplings in the superpotential can always be regarded as background fields,
and so superpotentials are also holomorphic functions of coupling constants.
The fact that superpotentials are holomorphic can be used to prove powerful
non-renormalization theorems [6]. If we integrate out physics above a scale µ
(i.e. calculate the Wilsonian effective action1) then the effective superpoten-
tial must also be a holomorphic function of the couplings. Consider a theory
renormalized at some scale Λ with a superpotential:
Wtree =
m
2
φ2 +
λ
3
φ3. (1.1)
Here φ is a chiral superfield. I will also refer to the scalar component as φ
and the fermion component by ψ.
In general for N = 1 SUSY theories there is at most one independent
symmetry generator2, referred to as the R charge3, which doesn’t commute
with the SUSY generators:
[R,Qα] = −Qα, (1.2)
so we have R[ψ] = R[φ]−1, R[θ] = 1. Since the Lagrangian in our toy model
1As opposed to the 1PI effective action, see ref. [10,11] for a related discussion.
2For N = 2 there is an SU(2)R R symmetry and for N = 4 there is an SU(4)R ∼
SO(6)R R symmetry.
3The existence of a discrete symmetry often referred to a R-parity is completely inde-
pendent of the continuous R symmetry discussed here [12].
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has Yukawa couplings,
L ⊃ λ
3
φψψ , (1.3)
which must have zero R charge, we have
3R[φ]− 2 = 0 , (1.4)
and therefore R[W ] = 2. More generally we could get the same result by
noting:
Lint =
∫
d2θW . (1.5)
By convention superfields are labeled by the R charge of the lowest compo-
nent, which in our example of a chiral superfield is the scalar component. By
convention the gaugino assigned R charge 1.
In our toy model we can make the following charge assignments:
U(1) U(1)R
φ 1 1
m −2 0
λ −3 −1
(1.6)
where we are treating the mass and coupling as background spurion fields
in order to keep track of all the symmetry information. Note that non-
zero values for m and λ explicitly break both U(1) symmetries, but these
symmetries still lead to selection rules.
If we consider the effective superpotential generated by integrating out
modes from Λ down to some scale µ, then the symmetries and holomorphy
of the effective superpotential restrict it to be of the form
Weff = mφ
2 h
(
λφ
m
)
=
∑
n
anλ
nm1−nφn+2 , (1.7)
since mφ2 has U(1) charge 0 and R-charge 2, and λφ/m has U(1) charge 0
and R-charge 0. The weak coupling limit λ → 0 restricts n ≥ 0, and the
massless limit m→ 0 restricts n ≤ 1 so
Weff =
m
2
φ2 +
λ
3
φ3 =Wtree . (1.8)
Thus we have shown that the superpotential is not renormalized.
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1.2 Wavefunction Renormalization
Next consider the kinetic terms:
Lkin. = Z∂µφ∗∂µφ+ iZψ†σµ∂µψ , (1.9)
where the wavefunction renormalization factor is a non-holomorphic function
Z = Z(m,λ,m†, λ†, µ,Λ) . (1.10)
If we integrate out modes down to µ > m we have (at one-loop order)
Z = 1 + cλλ† ln
(
Λ2
µ2
)
, (1.11)
where c is a constant determined by the perturbative calculation. If we
integrate out modes down to scales below m we have
Z = 1 + +cλλ† ln
(
Λ2
mm†
)
(1.12)
So there is wavefunction renormalization, and the couplings of canonically
normalized fields run. In our example the running mass and running coupling
are given by
m
Z
,
λ
Z
3
2
. (1.13)
1.3 Integrating Out
Consider a model with two different chiral superfields:
W =
1
2
Mφ2H +
λ
2
φHφ
2 (1.14)
This model has three global U(1) symmetries:
U(1)A U(1)B U(1)R
φH 1 0 1
φ 0 1 1
2
M −2 0 0
λ −1 −2 0
(1.15)
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where U(1)A and U(1)B are spurious symmetries forM , λ 6= 0. If we want to
integrate out modes down to µ < M , we must integrate out φH . An arbitrary
term in the effective superpotential has the form
φjMkλp . (1.16)
To preserve the symmetries we must have j = 4, p = 2, and k = −1. By
comparing with tree-level perturbation theory we can determine the coeffi-
cient:
Weff = −λ
2φ4
8M
. (1.17)
We could also derive this exact result using the algebraic equation of motion
∂W
φH
= MφH +
λ
2
φ2 = 0 . (1.18)
We can simply solve this equation for φH and plug the result back into the
superpotential (1.14), which yields the perturbative effective superpotential
(1.17).
Another interesting example is
W =
1
2
Mφ2H +
λ
2
φHφ
2 +
y
6
φ3H . (1.19)
The φH equation of motion yields
φH = −M
y
1±
√
1− λyφ
2
M2
 . (1.20)
Note that as y → 0, the two vacua approach φH = −λφ/(2M) (as in the
previous example) and φH =∞. Integrating out φH yields
Weff =
M3
3y2
1− 3λyφ2
2M2
±
(
1− λyφ
2
M2
)√
1− λyφ
2
M2
 . (1.21)
The singularities inWeff indicate points in the parameter space and the space
of φ VEVs where φH becomes massless and we shouldn’t have integrated it
out. The mass of φH can be found by calculating
∂2W
∂φ2H
= M + yφH , (1.22)
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and substituting in the solution of the equation of motion:
∂2W
∂φ2H
= ∓M
√
1− λyφ
2
M2
. (1.23)
We could also apply the holomorphy analysis to this problem. First, we can
maintain the symmetries of the previous example by assigning charges (-3,0,-
1) under U(1)A×U(1)B ×U(1)R to the coupling y. Then requiring that the
effective superpotential has no dependence on φH and maintains the three
symmetries we find that it must have the form
Weff =
M3
y2
f
(
λyφ2
M2
)
, (1.24)
for some function f , just as we found from integrating out φH .
1.4 The Holomorphic Gauge Coupling
Using the superspace notation4 yµ ≡ xµ−iθσµθ (where θ is an anti-commuting
Grassmannian variable) we can write a chiral supermultiplet consisting of a
scalar φ, a fermion ψ and an auxiliary field F as a chiral superfield
Φ = φ(y) +
√
2θ ψ(y) + θ2F (y) . (1.25)
We can also use this notation to represent an SU(N) gauge super-multiplet
as a chiral superfield
W aα = −iλaα(y) + θαDa(y)− (σµνθ)αF aµν(y)− (θθ)σµDµλa†(y) , (1.26)
where the index a labels an element of the adjoint representation, running
from 1 to N2 − 1, λa is the gaugino field, F aµν is the usual gauge field
strength,and Da is the auxiliary field. We have used the notation that the
σi are the usual Pauli matrices and
σµ = (I, σi) (1.27)
σµ = (I,−σi) (1.28)
σµν =
i
4
(σµσν − σνσµ) . (1.29)
4For an excellent review see ref. [12].
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The field strength can be written as
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν , (1.30)
where fabc is the structure constant of the gauge group determined through
the adjoint generators T a by
[T a, T b] = ifabc . (1.31)
Finally, using the notation
τ ≡ θYM
2π
+
4πi
g2
, (1.32)
we can write the SUSY Yang-Mills action as a superpotential term
1
16πi
∫
d4x
∫
d2θ τ W aαW
a
α + h.c. (1.33)
=
∫
d4x
[
− 1
4g2
F aµνF aµν −
θYM
32π2
F aµνF˜ aµν +
i
g2
λa†σµDµλ
a +
1
2g2
DaDa
]
,
where
F˜ aµν =
1
2
ǫµναβF aαβ . (1.34)
Note that the gauge coupling g only appears only in τ which is a holomorphic
parameter, but the gauge fields are not canonically normalized. To go to a
canonically normalized basis5 we would rescale the fields by
(Aaµ, λ
a
α, D
a)→ g(Aaµ, λaα, Da) (1.35)
Recall that the one-loop running of the gauge coupling g is given by the
renormalization group equation:
µ
dg
dµ
= − b
16π2
g3 , (1.36)
where for an SU(N) gauge theory with F flavors and N = 1 supersymmetry,
b = 3N − F . (1.37)
5Due to subtleties with the measure in the path integral there is a non-trivial relation
between the running of the holomorphic gauge coupling and the running of the canonical
gauge coupling [3,4,13,14].
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The solution for the running coupling is
1
g2(µ)
= − b
8π2
ln
( |Λ|
µ
)
, (1.38)
where |Λ| is the intrinsic scale of the non-Abelian gauge theory that enters
through dimensional transmutation. We can then write the one-loop running
version of our holomorphic parameter τ as
τ1−loop =
θYM
2π
+
4πi
g2(µ)
(1.39)
=
1
2πi
ln
( |Λ|
µ
)b
eiθYM
 . (1.40)
We can then define a holomorphic intrinsic scale
Λ ≡ |Λ|eiθYM/b (1.41)
= µe2piiτ/b , (1.42)
or equivalently
τ1−loop =
b
2πi
ln
(
Λ
µ
)
. (1.43)
In order to take account of non-perturbative effects we need to understand
the term in the action proportional to θYM. This FF˜ term violates a discrete
symmetry: CP (the product of charge conjugation and parity). The CP
violating term can be rewritten as
F aµνF˜ aµν = 4ǫ
µνρσ∂µTr
(
Aν∂ρAσ +
2
3
AνAρAσ
)
. (1.44)
Thus the CP violating term is a total derivative and can have no effect in
perturbation theory since it integrates to terms at the boundary of space-
time. Nevertheless it is well known that it can have non-perturbative effects.
To see this consider the following semi-classical instanton configuration of
the gauge field:
Aaµ(x) =
haµν(x− x0)ν
(x− x0)2 + ρ2 , (1.45)
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where haµν describes how the instanton is oriented in the gauge space and
spacetime. Equation (1.45) represents an instanton configuration of size ρ
centered about the point xν0. Such instantons have a non-trivial, topologi-
cal winding number, n, which takes integer values. The CP violating term
measures the winding number:
θYM
32π2
∫
d4xF aµνF˜ aµν = n θYM . (1.46)
Since the path integral has the form∫
DAaDλaDDa eiS , (1.47)
and the action S depends on θYM only through a term which is an integer
times θYM it follows that
θYM → θYM + 2π , (1.48)
is a symmetry of the theory since it has no effect on the path integral.
The Euclidean action of a instanton configuration can be bounded, since
0 ≤
∫
d4xTr
(
Fµν ± F˜µν
)2
=
∫
d4xTr
(
2F 2 ± 2FF˜
)
, (1.49)
so we have ∫
d4xTrF 2 ≥ |
∫
d4xTrF F˜ | = 32π2|n| . (1.50)
Thus one instanton effects are suppressed by
e−Sint = e
−8pi2
g2(µ)
+iθYM =
(
Λ
µ
)b
. (1.51)
If we integrate down to the scale µ we have the effective superpotential
Weff =
τ(Λ;µ)
16πi
W aαW
a
α . (1.52)
Since the physics must be periodic in θYM,
Λ→ e2pii/bΛ , (1.53)
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is a symmetry. To allow for non-perturbative corrections we can write the
most general form of τ as:
τ(Λ;µ) =
b
2πi
ln
(
Λ
µ
)
+ f(Λ;µ) , (1.54)
where f is a holomorphic function of Λ. Since Λ → 0 corresponds to weak
coupling where we must recover the perturbative result (1.43), f must have
Taylor series representation in positive powers of Λ. Since plugging
Λ→ e2pii/bΛ (1.55)
into the perturbative term already shifts θYM by 2π, f must be invariant
under this transformation, so the Taylor series must be in positive powers of
Λb. Thus in general we can write:
τ(Λ;µ) =
b
2πi
ln
(
Λ
µ
)
+
∞∑
n=1
an
(
Λ
µ
)bn
(1.56)
So the holomorphic gauge coupling only receives one-loop corrections and
non-perturbative n-instanton corrections, or in other words in perturbation
theory there is no additional running beyond one-loop.
2 Review of Anomalies and Instantons
The reader should feel free to skip over this section if they already have a
basic familiarity with anomalies and instantons.
2.1 Anomalies in the Path Integral
Consider some fermions ψ coupled to a gauge field Aa:
Sfermion =
∫
d4xiψ†σµ(∂µ + iA
a
µT
a)ψ (2.1)
Under a position dependent chiral rotation
ψ → eiα(x)ψ (2.2)
Sfermion → Sfermion −
∫
d4xα(x)∂µ(ψ
†σµψ) (2.3)
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Figure 1: The fermion triangle which contributes to the anomaly. One also
adds the crossed graph where the gauge bosons are interchanged.
Thus, since α = constant is a symmetry of the action, classically we find
∂µ(ψ
†σµψ) = ∂µj
µ
A = 0 (2.4)
Quantum mechanically this is not true: the global current has an anomaly.
One way to see this is to calculate the diagram with a fermion triangle and
the global current and and two gauge currents at the three vertices, as in
Figure 1.
One finds directly from this calculation that the global current is not
conserved:
∂µj
µ
A ∝ F aµνF˜ aµν . (2.5)
Another way to see this is from Fujikawa’s path integral derivation [15]
of the anomaly. First define
6D ≡ iσEµ(∂µ + iAµ) (2.6)
6D ≡ iσµE(∂µ − iAµ) (2.7)
where σi are the usual Pauli matrices and
σµE = (iI, σ
i) , (2.8)
σE
µ = (iI,−σi) , (2.9)
σµνE =
1
4
(σµEσE
ν − σνEσEµ) . (2.10)
Then ∫
d4xψ† 6Dψ =
∫
d4xψ 6Dψ† (2.11)
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and we can define orthonormal eigenfunctions fn and gn
D2fn = 6D 6Dfn = −λ2nfn , (2.12)
D
2
gn = 6D 6Dgn = −λ2ngn , (2.13)
6Dfn = λngn , (2.14)
6Dgn = −λnfn , (2.15)
with the usual completeness properties∑
n
f ∗n(x)fn(y) = δ(x− y) , (2.16)∑
n
g∗n(x)gn(y) = δ(x− y) , (2.17)
Tr
∫
d4xf ∗n(x)fm(x) = δnm , (2.18)
Tr
∫
d4xg∗n(x)gm(x) = δnm . (2.19)
In general D2 and D
2
have different numbers of zero eigenvalues. We can
expand the fermion fields in this basis:
ψ(x) =
∑
n
affn(x) , (2.20)
ψ†(x) =
∑
n
bngn(x) . (2.21)
The partition function in the background gauge field Aµ is given by a path
integral over the fermion fields which in this basis reduces to
Z[Aµ] =
∫
DψDψ† e−S =
∫
Πnmdandbm e
−S . (2.22)
Under a chiral rotation
an → a′n = Cnmam , (2.23)
bn → b′n = Cnmbm , (2.24)
where the transformation matrices are defined by
Cnm = Tr
∫
d4xeiα(x)f ∗n(x)fm(x) , (2.25)
Cnm = Tr
∫
d4xe−iα(x)g∗m(x)gn(x) . (2.26)
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So the path integral measure changes by
Πnmdandbm → (detCdetC)−1Πnmdandbm . (2.27)
where
(detCC)−1 = exp
(
−i
∫
d4xα(x)A(x)
)
, (2.28)
A(x) = Tr
∑
n
(f ∗n(x)fn(x)− g∗n(x)gn(x)) . (2.29)
Since the partition function, Z, is independent of the chiral rotation param-
eter α, if we take a functional derivative with respect to it we find:
0 =
δZ
δα
|α=0 = i〈∂µjµ(x)− A(x)〉 . (2.30)
To evaluate A, we use a smooth regulator function R(z) to suppress the effects
of the highest eigenmodes. R(z) is chosen such that R(0) = 1, R(∞) = 0,
R′(∞) = 0, R′′(∞) = 0, . . . For example, e−z satisfies these conditions.
Inserting the regulator we have:
A(x) =
lim
M →∞ Tr
∑
n
R(λ2n/M
2) (f ∗n(x)fn(x)− g∗n(x)gn(x)) , (2.31)
=
lim
M →∞ Tr
∑
n
(
f ∗n(x)R(−D2/M2)fn(x)− g∗n(x)R(−D2/M2)gn(x)
)
,
=
lim
y → x
lim
M →∞ Tr
(
R(−D2/M2)−R(−D2/M2)
)
δ(y − x) . (2.32)
To simplify this first note that
D2 = ∂2 − A2 − σµν(Fµν − 2A[µ∂ν]) ≡ ∂2 − A2 − F+ +O(∂.A),
D
2
= ∂2 − A2 + σµν(Fµν − 2A[µ∂ν]) ≡ ∂2 − A2 + F− +O(∂.A). (2.33)
For simplicity we will chose a gauge where ∂.A = 0. Using the Fourier
transform of δ(y − x), one finds by Taylor expanding R(z) around (p2 +
A2)/M2 that
A(x) =
lim
M →∞ Tr
∫ d4p
(2π)4
∞∑
n=0
1
n![(
F+
M2
)n
−
(
−F
−
M2
)n]
R(n)
(
p2 + A2
M2
)
. (2.34)
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The n = 0 in the series vanishes trivially, the Dirac trace of the n = 1
term vanishes, and terms with n > 2 vanish in the large M limit. Defining
z = p2/M2 we are left with
A(x) =
1
32π2
∫ ∞
0
zdzR(2)(z)ǫµναβTrFµνFαβ ,
=
1
16π2
TrFµνF˜µν . (2.35)
So the anomaly is given by
∂µj
µ(xE) =
1
16π2
F aµνF˜ aµν . (2.36)
Now consider integrating this equation over spacetime. The left-hand side is
given by integrating Eq. (2.31) which yields∫
d4xA =
lim
M →∞
∑
n
R(λ2n/M
2)Tr
∫
d4x (f ∗n(x)fn(x)− g∗n(x)gn(x)) ,
= nψ − nψ† , (2.37)
which is just the number of fermion zero-modes minus the number of anti-
fermion zero-modes, since all other modes occur in pairs and cancel in the
difference. So we have
nψ − nψ† =
1
32π2
∫
d4xF aµνF˜
a
µν
= n , (2.38)
where n is the winding number (Pontryagin number) of the gauge field con-
figuration. This result is known as the Atiyah-Singer index theorem.
2.2 Gauge Anomalies
There are also potentially anomalies for three-point functions of gauge bosons
which are proportional to
Aabc ≡ Tr[T a{T b, T c}] . (2.39)
These anomalies are potentially non-vanishing for example in the case with
one U(1) gauge boson and and two SU(N) gauge bosons, or with three
SU(N) gauge bosons for N ≥ 3.
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The anomaly for two fermions in two different representations R1 and R2
simply add
Aabc(R1 ⊕R2) = Aabc(R1) + Aabc(R2) , (2.40)
while for a fermion that is in two different representations R1 and R2 of two
different groups one finds:
Aabc(R1 ⊗R2) = dim(R1)Aabc(R2) + dim(R2)Aabc(R1) . (2.41)
For the fundamental (defining) representation we define
dabc ≡ Tr[T aF{T bF , T cF}] . (2.42)
It is then convenient to define an anomaly factor A(R), which measures the
anomaly relative to the to the fundamental representation:
Aabc(R) = A(R)dabc . (2.43)
So the gauge anomaly for a theory vanishes if∑
i
A(Ri) = 0 (2.44)
The dimension, index, and anomaly coefficient of the smallest SU(N)
representations are listed below.
Irrep dim(r) 2T (r) A(r)
N 1 1
Ad N2 − 1 2N 0
N(N−1)
2
N − 2 N − 4
N(N+1)
2
N + 2 N + 4
N(N−1)(N−2)
6
(N−3)(N−2)
2
(N−3)(N−6)
2
N(N+1)(N+2)
6
(N+2)(N+3)
2
(N+3)(N+6)
2
N(N−1)(N+1)
3
N2 − 3 N2 − 9
N2(N+1)(N−1)
12
N(N−2)(N+2)
3
N(N−4)(N+4)
3
N(N+1)(N+2)(N+3)
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(N+2)(N+3)(N+4)
6
(N+3)(N+4)(N+8)
6
N(N+1)(N−1)(N−2)
8
(N−2)(N2−N−4)
2
(N−4)(N2−N−8)
2
(2.45)
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If the gauge anomaly does not vanish, then the theory can only make
sense as a spontaneously broken theory, since two triangle graphs back to
back generate a mass for the gauge bosons. Alternatively if we start with an
anomaly free gauge theory and give masses to some subset of the fields so
that the anomaly no longer cancels, then the low energy effective theory has
an anomaly, but we can only produce such masses if the gauge symmetry is
spontaneously broken.
2.3 Review of Instantons
Recall that instantons6 are Euclidean solutions of
DµF aµν = 0 , (2.46)
characterized by a size ρ, which, as |x| → ∞, approach pure gauge:
Aµ(x)→ iU(x)∂µU(x)† . (2.47)
In general, instantons break one linear combination of axial U(1) symme-
tries. Consider the axial symmetry that has charge +1 for all (left-handed)
fermions. We have
∂µj
µ
A ∝ F aµνF˜ aµν (2.48)
Integrating this current in the instanton background with winding number
n, one finds:
∫
d4x∂µj
µ
A = n
[∑
r
nr 2T (r)
]
, (2.49)
where nr is the number of fermions in the representation r. Thus instantons
can create or annihilate fermions. Also an axial rotation of the fermions
ψ → eiαψ , (2.50)
is equivalent to a shift of θYM
θYM → θYM − α
∑
r
nr 2T (r) . (2.51)
6For an excellent review see ref. [16].
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In the instanton background the gauge covariant derivative can be diagonal-
ized:
σµDµψi = λiψi . (2.52)
For a fermion in representation r one finds 2T (r) zero eigenvalues correspond-
ing to 2T (r) “zero-modes”. (In the anti-instanton background ψ† has 2T (r)
zero eigenvalues.)
Consider a fundamental of SU(N) with T ( ) = 1
2
. We can write ψi in
terms of a Grassmann variable and a complex eigenfunction ψi = ξifi(x).
We then have
ψ = ξ0f0 +
∑
i
ξifi , (2.53)
ψ† =
∑
i
ξ†i f
∗
i , (2.54)
where f0 corresponds to the zero eigenvalue. The path integration over this
particular fermion is then∫
DψDψ† =
∫
dξ0
∫ ∏
ij
dξidξ
†
j . (2.55)
So∫
DψDψ† exp
(
−
∫
ψ†σµDµψ
)
=
∫
dξ0
∫ ∏
ij
dξidξ
†
j exp
(
−∑
n
λnξ
†
nξn
)
=
∫
dξ0
∫ ∏
ij
dξidξ
†
j
∏
n
(
1− λnξ†nξn
)
=
∫
dξ0
∏
n
λn
= 0 , (2.56)
since integrating a constant over a Grassmann variable vanishes:∫
dξ0 = 0 . (2.57)
However if we insert the fermion field into the path integral we find∫
DψDψ† exp
(
−
∫
ψ†σµDµψ
)
ψ(x) = f0(x)
∏
n
λn . (2.58)
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Thus for an instanton amplitude to be non-vanishing it must be accompanied
by one external fermion leg for each zero-mode.
At distances much larger than the instanton size ‘t Hooft [17] showed that
instantons produce effective interactions for a quark Qnj with color index n
and flavor index j:
Linst = c detQinQnj + h.c. (2.59)
This interaction respects the non-Abelian SU(F )× SU(F ) flavor symmetry
but breaks the U(1)A symmetry.
2.4 Instantons in Broken Gauge Theories
In a theory with scalars that carry gauge quantum numbers, VEVs of the
scalars prevent us from finding solutions of the classical Euclidean equation
of motion. However we can find approximate solutions [18] when we drop
the scalar contribution to the gauge current:
DµF aµν = 0 (2.60)
DµDµφ
j +
∂V (φ)
∂φ∗j
= 0 , (2.61)
As |x| → ∞ we want the gauge field to go to pure gauge and the scalar field
to go to its VEV (up to a gauge transformation):
Aµ(x)→ iU(x)∂µU(x)† (2.62)
φj → U(x)〈φj〉 , (2.63)
where 〈φj〉 is a vacuum solution. For small (ρ < 1/(gv)) instantons with a
completely broken gauge symmetry we find Euclidean actions:
Sinst =
8π
g2
(2.64)
Sφ = 8π
2ρ2v2 . (2.65)
Integrating over instanton locations and sizes we find∫
d4x0
∫ dρ
ρ5
e−Sinst−Sφ
=
∫
d4x0
∫
dρ
ρ5
(ρΛ)b e−8pi
2ρ2v2 , (2.66)
20
which is dominated at
ρ2 =
b
16π2v2
. (2.67)
Thus the integration is convergent: breaking the gauge symmetry provides
an exponential infrared cutoff.
Note that since Aµ is related to an element of the gauge group at |x| → ∞,
the topological character of the instanton relies on
U : S3 → SU(2) ⊂ G (2.68)
If the scalar fields break the gauge group G down to H , then there will still
be pure instanton in the H gauge theory if SU(2) ⊂ H . If the instantons
in G/H can be gauge rotated into SU(2) ⊂ H , then all G instanton effects
can be accounted for by the effective theory through H instantons. If not,
we must add new interactions in the effective theory in order to match the
physics properly. Examples of when this is necessary [18] include
SU(N) breaks completely
SU(N)→ U(1)
SU(N)× SU(N)→ SU(N)diag
SU(N)→ SO(N)
This obviously happens whenever there are a different number of zero modes
for G and H instantons. In general new interactions must be included in the
effective theory when π3(G/H) is non-trivial.
3 Gaugino Condensation
We now turn to the chiral symmetry transformations and condensation of
gauginos. Note that in pure SU(N) SUSY Yang-Mills (that is with F = 0
flavors, so the only fermion is a gaugino) the U(1)R symmetry is broken
by instantons. We can see this by calculating the mixed triangle anomaly
between one U(1)R current and two gluons (see Figure 1).
The anomaly is proportional to a group theoretical factor (the anomaly
index) which arises by summing (tracing) over all possible fermions in the
loop taking in to account the Abelian and non-Abelian charges. In this
example the anomaly index is given by the R-charge of the gaugino (which is
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1) times the index of the adjoint representation (T (Ad) = N), so the anomaly
is non-vanishing.
Because of the anomaly, the chiral rotation
λa → eiαλa , (3.1)
is equivalent to a shift in the coefficient of the CP violating term in the the
action, F aµνF˜ aµν ,
θYM → θYM − 2Nα . (3.2)
The factor 2N arises because the gaugino λa is in the adjoint representation of
the gauge group and thus has 2N zero-modes in a one-instanton background.
Thus the chiral rotation is only a symmetry when
α =
kπ
N
, (3.3)
where k is an integer, so the U(1)R symmetry is explicitly broken down to
a discrete Z2N subgroup. Treating the holomorphic gauge coupling τ as a
background (spurion) chiral superfield we can define a spurious symmetry
given by
λa → eiαλa ,
τ → τ + Nα
π
, (3.4)
which leaves the path integral invariant.
Assuming that SUSY Yang-Mills has no massless particles, just massive
color-singlet composites, then holomorphy and symmetries determine the
effective superpotential to be:
Weff = aµ
3e
2piiτ
N
= aΛ3 . (3.5)
This is the unique form because under the spurious U(1)R rotation (3.4) the
superpotential (which has R-charge 2) transforms as
Weff → e2iαWeff . (3.6)
Since the holomorphic gauge coupling parameter τ transforms linearly un-
der the spurious U(1)R rotation, it must appear an exponential with the
coefficient given in (3.5).
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Again treating τ as a background chiral superfield, then in the SUSY
Yang Mills action (1.34) the F component of τ (which we will refer to as Fτ )
acts as a source for λaλa. With our assumption that there are no massless
degrees of freedom, the effective action at low energies is given by just the
effective superpotential (3.5). Thus the gaugino condensate is given by
〈λaλa〉 = 16πi ∂
∂Fτ
lnZ
= 16πi
∂
∂Fτ
∫
d2θWeff
= 16πi
∂
∂τ
Weff
= 16πi
2πi
N
aµ3e
2piiτ
N . (3.7)
Dropping the non-perturbative corrections7 to the running of τ and plugging
b = 3N into (1.56) we find
〈λaλa〉 = −32π
2
N
aΛ3 , (3.8)
thus there is a non-zero gaugino condensate8. The presence of this condensate
means that the vacuum does not respect the discrete ZN symmetry since
〈λaλa〉 → e2iα〈λaλa〉 , (3.9)
is not invariant for all possible values of α = kπ/N . In fact it is only invariant
for k = 0 or k = N . So we see that Z2N symmetry is spontaneously broken
to Z2, and that there should be N degenerate but distinct vacua. It is easy
to check that the symmetry transformation θYM → θYM + 2π sweeps out N
different values for 〈λaλa〉. It should be kept in mind that at this point we
have not justified the assumption of no massless degrees of freedom which is
crucial to the calculation.
7Which only contribute a phase.
8For related work using instantons, see ref. [19,20,21].
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4 The Affleck-Dine-Seiberg Superpotential
4.1 Symmetry and Holomorphy
Consider SU(N) SUSY QCD with F flavors (that is there are 2NF chi-
ral supermultiplets) where F < N . We will denote the quarks and their
superpartner squarks that transform in the SU(N) fundamental (defining)
representation by Q and Φ respectively, and use Q and Φ for the quarks
and squarks in the anti-fundamental representation. The theory has an
SU(F ) × SU(F ) × U(1) × U(1)R global symmetry. The quantum numbers
of the chiral supermultiplets are summarized in the following table9 where
denotes the fundamental representation of the group.
SU(N) SU(F ) SU(F ) U(1) U(1)R
Φ, Q 1 1 F−N
F
Φ, Q 1 -1 F−N
F
(4.1)
The SU(F )×SU(F ) global symmetry is the analog of the SU(3)L×SU(3)R
chiral symmetry of non-supersymmetric QCD with 3 flavors, while the U(1)
is the analog10 of baryon number since quarks (fermions in the fundamental
representation of the gauge group) and anti-quarks (fermions in the anti-
fundamental representation of the gauge group) have opposite charges. There
is an additional U(1)R relative to non-supersymmetric QCD since in the
supersymmetric theory there is also a gaugino.
Recall that the auxiliary Da fields for this theory are given by
Da = g(Φ∗jn(T a)mn Φmj − Φjn(T a)mn Φ∗mj) , (4.2)
where j is a flavor index that runs from 1 to F , m and n are color indices that
run from 1 to N , the index a labels an element of the adjoint representation,
running from 1 to N2 − 1, and T a is a gauge group generator. The D-term
potential is given by:
V =
1
2g2
DaDa . (4.3)
9As usual only the R-charge of the squark is given, and R[Q] = R[Φ]− 1.
10Up to a factor of N .
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Classically there is a (D-flat) moduli space (space of VEVs where the poten-
tial V vanishes) which is given by
〈Φ∗〉 = 〈Φ〉 =

v1
. . .
vF
0 . . . 0
...
...
0 . . . 0

(4.4)
where 〈Φ〉 is a matrix with N rows and F columns and we have used global
and gauge symmetries to rotate 〈Φ〉 to a simple form. At a generic point
in the moduli space the SU(N) gauge symmetry is broken to SU(N − F ).
There are
N2 − 1− ((N − F )2 − 1) = 2NF − F 2 (4.5)
broken generators, so of the original 2NF chiral supermultiplets only F 2 sin-
glets are left massless. This is because in the supersymmetric Higgs mecha-
nism a massless vector supermultiplet “eats” an entire chiral supermultiplet
to form a massive vector supermultiplet. We can describe the remaining F 2
light degrees of freedom in a gauge invariant way by an F × F matrix field
M ji = Φ
jn
Φni , (4.6)
where we sum over the color index n. Since M can be written as a chi-
ral superfield which is a product of of chiral superfields11, then, because of
holomorphy, the only renormalization of M is the product of wavefunction
renormalizations for Φ and Φ.
The axial U(1)A symmetry which assigns each quark a charge 1 is explic-
itly broken by instantons, while the U(1)R symmetry remains unbroken. To
check this we can calculate the corresponding mixed anomalies between the
global current and two gluons. For U(1)R we multiply the R-charge by the
index of the representation, and sum over fermions. The gaugino contributes
1 · N while each of the 2F quarks contributes (F−N
F
− 1)1
2
. Adding these
11That is there is a fermionic superpartner ofM (the “mesino”) given byMψ = Q
jn
Φni+
Φ
jn
Qni.
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together we find that the mixed anomaly for U(1)R vanishes:
ARgg = N +
(
F −N
F
− 1
)
1
2
= 0 . (4.7)
For the U(1)A anomaly, the gauginos do not contribute since they have no
U(1)A charge and we find the anomaly coefficient is non-vanishing:
AAgg = 1 · 2F · 1
2
. (4.8)
To keep track of selection rules arising from the broken U(1)A we can define
a spurious symmetry in the usual way. The transformations
Q→ eiαQ ,
Q→ eiαQ ,
θYM → θYM + 2Fα , (4.9)
leave the path integral invariant. Under this transformation the holomorphic
intrinsic scale (1.42) transforms as
Λb → ei2FαΛb . (4.10)
To construct the effective superpotential we can make use of the following
chiral superfields: W a, Λ, and M . Their charges under the U(1)R and spu-
rious U(1)A symmetries are given in the following table.
U(1)A U(1)R
W aW a 0 2
Λb 2F 0
detM 2F 2(F −N)
(4.11)
Note that detM is the only SU(F )× SU(F ) invariant we can make out
of M . To be invariant, a general non-perturbative term in the Wilsonian
superpotential must have the form
Λbn(W aW a)m(detM)p . (4.12)
As usual to preserve the periodicity of θYM we can only have powers of Λ
b
(for m = 1 we can still have the perturbative term b log ΛW aW a because
the change in the path integral measure due to the anomaly). Since the
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superpotential is neutral under U(1)A and has charge 2 under U(1)R, the
two symmetries require:
0 = n 2F + p 2F (4.13)
2 = 2m+ p 2(F −N) . (4.14)
The solution of these equations is
n = −p = 1−m
N − F . (4.15)
Since b = 3N − F > 0 we can only have a sensible weak-coupling limit
(Λ → 0) if n ≥ 0, which implies p ≤ 0 and (because N > F ) m ≤ 1. Since
W aW a contains derivative terms, locality requires m ≥ 0 and that m is
integer valued. In other words, since we trying to find a Wilsonian effective
action (which corresponds to performing the path integral over field modes
with momenta larger than a scale µ) which is valid at low-energies (momenta
below µ) it must have a sensible derivative expansion. So there are only two
possible terms in the effective superpotential: m = 0 and m = 1. The m = 1
term is just the tree-level field strength term. The coefficient of this term is
restricted by the periodicity of θYM to be proportional to b ln Λ. So we see
that the gauge coupling receives no non-perturbative renormalizations. The
other term (m = 0) is the Affleck-Dine-Seiberg superpotential 12:
WADS = CN,F
(
Λ3N−F
detM
) 1
N−F
, (4.16)
where CN,F is in general renormalization scheme dependent.
4.2 Consistency of WADS: Moduli Space
We can check whether the Affleck-Dine-Seiberg superpotential is consistent
by constructing effective theories with fewer colors or flavors by going out in
the classical moduli space or by adding mass terms for some of the flavors.
Consider giving a large vacuum expectation value (VEV), v, to one flavor.
This breaks the gauge symmetry to SU(N − 1) and one flavor is partially
“eaten” by the Higgs mechanism (since there are 2N − 1 broken generators)
12First discussed by Davis, Dine, and Seiberg [22] and explored in more detail by Affleck,
Dine, and Seiberg in [23]
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so the effective theory has F − 1 flavors. There are 2F − 1 additional gauge
singlet chiral supermultiplets left over as well since
2NF − (2N − 1)− (2F − 1) = 2(N − 1)(F − 1) . (4.17)
We can write an effective theory for the SU(N−1) gauge theory with F−1
flavors (since the gauge singlets only interact with the fields in the effective
gauge theory by the exchange of heavy gauge bosons they must decouple from
the gauge theory at low energies, i.e. they interact only through irrelevant
operators with dimension greater than 4). The running holomorphic gauge
coupling, gL, in the low-energy theory is given by
8π2
g2L(µ)
= bL ln
(
µ
ΛL
)
, (4.18)
where bL is the standard β-function coefficient of the low-energy theory
bL = 3(N − 1)− (F − 1) = 3N − F − 2 , (4.19)
and ΛL is the holomorphic intrinsic scale of the low-energy effective theory
ΛL ≡ |ΛL|eiθYM/bL
= µe2piiτL/bL , (4.20)
This coupling should match onto the running coupling of the high-energy
theory
8π2
g2(µ)
= b ln
(
µ
Λ
)
, (4.21)
at the scale of the heavy gauge boson threshold13 v:
8π2
g2(v)
=
8π2
g2L(v)
+ c , (4.22)
where c represents scheme dependent corrections, which vanish in the DR
renormalization scheme14. So we have(
Λ
v
)b
=
(
ΛL
v
)bL
,
Λ3N−F
v2
= Λ3N−F−2N−1,F−1 , (4.23)
13The fact that the heavy gauge boson mass is v rather than gv is a result of having an
unconventional normalization for the quark and squark fields, this is necessary to maintain
gL and ΛL as holomorphic parameters. For related discussions on this point see [3,4,13].
14DR uses dimensional regularization through dimensional reduction with modified min-
imal subtraction [24,25].
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where we have started labeling (for later convenience) the intrinsic scale of
the low-energy effective theory with a subscript showing the number of colors
and flavors in the gauge theory that it corresponds to: ΛN−1,F−1 = ΛL. If we
represent the light (F − 1)2 degrees of freedom (corresponding to the gauge
invariant combinations of the chiral superfields that are fundamentals under
the remaining gauge symmetry) as an (F − 1)× (F − 1) matrix M˜ then we
have
detM = v2detM˜ + . . . , (4.24)
where . . . represents terms involving the decoupled gauge singlet fields. Plug-
ging these results into the Affleck-Dine-Seiberg superpotential for N colors
and F flavors (which we denote by WADS(N,F )) and using(
Λ3N−F
v2
) 1
N−F
=
(
Λ3N−F−2N−1,F−1
) 1
(N−1)−(F−1) , (4.25)
(which follows from equation (4.23)) we reproduce WADS(N − 1, F − 1) pro-
vided that CN,F is only a function of N − F .
Giving equal VEVs to all flavors we break the gauge symmetry from
SU(N) down to SU(N − F ), and all the flavors are “eaten”. Through the
same method of matching running couplings,
(
Λ
v
)3N−F
=
(
ΛN−F,0
v
)3(N−F )
, (4.26)
we then have
Λ3N−F
v2F
= Λ
3(N−F )
N−F,0 . (4.27)
So the effective superpotential is given by
Weff = CN,FΛ
3
N−F,0 . (4.28)
Which agrees with the result (3.5) derived from holomorphy arguments for
gaugino condensation in pure SUSY Yang-Mills, as described in section 3.
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4.3 Consistency of WADS: Mass Perturbations
Now consider giving a mass, m, to one flavor. Below this mass threshold
the low-energy effective theory is an SU(N) gauge theory with F −1 flavors.
Matching the holomorphic gauge coupling of the effective theory to that of
the underlying theory at the scale m gives:(
Λ
m
)b
=
(
ΛL
m
)bL
mΛ3N−F = Λ3N−F+1N,F−1 (4.29)
Using holomorphy the superpotential must have the form
Wexact =
(
Λ3N−F
detM
) 1
N−F
f(t) , (4.30)
where
t = mMFF
(
Λ3N−F
detM
) −1
N−F
, (4.31)
and f(t) is an as yet undetermined function. Note that sincemMFF is actually
a mass term in the underlying superpotential, it has U(1)A charge 0, and R-
charge 2, so t has R-charge 0.
Taking the weak coupling, small mass limit Λ → 0, m → 0, we must
recover our previous results with the addition of a small mass term, hence
f(t) = CN,F + t . (4.32)
However in this double limit t is still arbitrary so this is the exact form of
f(t). Thus we find
Wexact = CN,F
(
Λ3N−F
detM
) 1
N−F
+mMFF . (4.33)
The equations of motion for MFF and M
j
F
∂Wexact
∂MFF
= CN,F
(
Λ3N−F
detM
) 1
N−F
( −1
N − F
)
+m = 0 , (4.34)
∂Wexact
∂M jF
= CN,F
(
Λ3N−F
detM
) 1
N−F
( −1
N − F
)
cof(M jF )
detM
= 0 , (4.35)
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(where cof(MFi ) is the cofactor of the matrix element M
F
i ) imply that
CN,F
N − F
(
Λ3N−F
detM
) 1
N−F
= mMFF , (4.36)
and that the cofactor of MFi is zero. Thus M has the block diagonal form
M =
(
M˜ 0
0 MFF
)
, (4.37)
where M˜ is an (F − 1) × (F − 1) matrix. Plugging the solution (4.36) into
the exact superpotential (4.33) we find
Wexact(N,F − 1) = (N − F + 1)
(
CN,F
N − F
) N−F
N−F+1
(
Λ3N−F+1N,F−1
detM˜
) 1
N−F+1
,(4.38)
which is just WADS up to an overall constant. Thus,for consistency, we have
a recursion relation:
CN,F−1 = (N − F + 1)
(
CN,F
N − F
) N−F
N−F+1
. (4.39)
An instanton calculation is reliable for F = N − 1 since the non-Abelian
gauge group is completely broken, and such a calculation [20,25] determines
CN,N−1 = 1 in the DR scheme, and hence
CN,F = N − F . (4.40)
We can also consider adding masses for all the flavors. Holomorphy de-
termines the superpotential to be
Wexact = CN,F
(
Λ3N−F
detM
) 1
N−F
+mijM
j
i , (4.41)
where mij is the quark (and squark) mass matrix. The equation of motion
for M gives
M ji = (m
−1)ji
(
Λ3N−F
detM
) 1
N−F
. (4.42)
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Taking the determinant and plugging the result back in to (4.42) gives
Φ¯jΦi =M
j
i = (m
−1)ji
(
detmΛ3N−F
) 1
N . (4.43)
Note that since the result involves the N -th root there are N distinct vacua
that differ by the phase of M . This is in precise accord with the Witten
index argument [26].
Matching the holomorphic gauge coupling at the mass thresholds gives
Λ3N−Fdetm = Λ3NN,0 . (4.44)
So
Weff = NΛ
3
N,0 , (4.45)
which agrees with our holomorphy result15, equation (3.5), for pure SUSY
Yang-Mills and determines the parameter a = N up to a phase. So the
gaugino condensate (3.8) is given by
〈λaλa〉 = −32π2e2piik/NΛ3N,0 , (4.46)
where k = 1...N . Thus starting with F = N − 1 flavors we can consistently
derive the correct Affleck-Dine-Seiberg effective superpotential for 0 ≤ F <
N − 1, and gaugino condensation for F = 0. This retroactively justifies the
assumption that there was a mass gap in SUSY Yang Mills.
4.4 Generating WADS from Instantons
Recall that the Affleck-Dine-Seiberg superpotential
WADS ∝ Λ bN−F , (4.47)
while instanton effects are suppressed by16
e−Sinst ∝ Λb . (4.48)
So for F = N − 1 is is possible that instantons can generate WADS. Since
SU(N) can be completely broken in this case, we can do a reliable instanton
15Which assumed a mass gap.
16See Eq. (1.51).
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calculation. When all VEVs are equal the ADS superpotential predicts quark
masses of order
∂2WADS
∂Φi∂Φ
j ∼
Λ2N+1
v2N
, (4.49)
and a vacuum energy density of order∣∣∣∣∣∂WADS∂Φi
∣∣∣∣∣
2
∼
∣∣∣∣∣Λ2N+1v2N−1
∣∣∣∣∣
2
. (4.50)
Looking at a single instanton vertex we find 2N gaugino legs (corresponding
to 2N zero-modes) and 2F = 2N − 2 quark legs, as shown in Figure 2. All
the quark legs can be connected to gaugino legs by the insertion of a scalar
VEV. The remaining two gaugino legs can be converted to two quark legs by
the insertion of two more VEVs. Thus a fermion mass is generated.
From the instanton calculation we find the quark mass is given by
m ∼ e−8pi2/g2(ρ) v
2N
ρ2N−1
∼
(
Λ
ρ
)b
v2N
ρ2N−1
∼
(
Λ
ρ
)2N+1
v2N
ρ2N−1
. (4.51)
The dimensional analysis works because the only other scale in the problem
is the instanton size ρ, and the integration over ρ is dominated by the region
around
ρ2 =
b
16π2v2
. (4.52)
Forcing the quark legs to end at the same space time point generates the F
component of M , and hence a vacuum energy of the right size. From our
previous arguments we recall that we can derive the ADS superpotential for
smaller values of F from the case F = N − 1, so in particular we can derive
gaugino condensation for zero flavors from this instanton calculation with
N − 1 flavors.
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2N−2
Figure 2: Instanton with 2N-2 quark legs (solid, straight lines) and 2N gaug-
ino legs (wavy lines), connected by 2N squark VEVs (dashed lines with
crosses).
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4.5 Generating WADS from Gaugino Condensation
For F < N − 1 instantons cannot generate WADS since at a generic point in
the classical moduli space with detM 6= 0 the SU(N) gauge group breaks to
SU(N − F ) ⊃ SU(2). Matching the gauge coupling in the effective theory
at a generic point in the classical moduli space gives
Λ3N−F = Λ
3(N−F )
N−F,0 detM . (4.53)
In the far infrared the effective theory splits into and SU(N − F ) gauge
theory and F 2 gauge singlets described by M . However these sectors can be
coupled by irrelevant operators. Indeed they must be, since by themselves
the SU(N −F ) gauginos have an anomalous R symmetry. The R symmetry
of the underlying theory was spontaneously broken by squark VEVs but it
should not be anomalous. An analogous situation occurs in QCD where
the SU(2)L×SU(2)R chiral symmetry is spontaneously broken and the axial
anomaly of the quarks is reproduced in the low-energy theory by an irrelevant
operator (the Wess-Zumino term [27]) which manifests itself in the anomalous
decay π0 → γγ.
In SUSY QCD the correct term is in fact present since the effective holo-
morphic coupling in the low-energy effective theory,
τ =
3(N − F )
2πi
ln
(
ΛN−F,0
µ
)
, (4.54)
depends on ln detM through the matching condition (4.53). The relevant
term in the low-energy Lagrangian is (factoring out 3(N − F )/(32π2))∫
d2θ ln detMW aW a + h.c.
=
[
Tr(FMM
−1)λaλa +Arg(detM)F aµν F˜ aµν + . . .
]
+ h.c. (4.55)
where FM is the auxiliary field (i.e. the coefficient of θ
2 in superspace no-
tation) for M . The second term can be seen to arise through triangle di-
agrams involving the fermions in the massive gauge supermultiplets. Note
Arg(detM) transforms under a chiral rotation in the correct manner to be
the Goldstone boson of the spontaneously broken R symmetry:
Arg(detM)→ Arg(detM) + 2Fα . (4.56)
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The equation of motion for FM gives
FM =
∂W
∂M
= M−1〈λaλa〉
∝ M−1Λ3N−F,0
∝ M−1
(
Λ3N−F
detM
) 1
N−F
, (4.57)
This gives a vacuum energy density that agrees with the Affleck-Dine-Seiberg
calculation. This potential energy implies that a non-trivial superpotential
was generated forM , and since the only superpotential consistent with holo-
morphy and symmetry is WADS we can conclude that for F < N − 1 flavors
gaugino condensation generates WADS.
4.6 Vacuum Structure
Now that we believe WADS is correct what does it tells us about the vacuum
structure of the theory? It is easy to see that
V =
∑
i
|∂W
∂Qi
|2 + |∂W
∂Qi
|2
=
∑
i
|Fi|2 + |F i|2 , (4.58)
is minimized as detM → ∞, so there is a “run-away vacuum”, or more
strictly speaking no vacuum. A loop-hole in this argument would seem to
be that we have not included wavefunction renormalization effects, which
could produce wiggles or even local minima in the potential, but it could
not produce new vacua unless the renormalization factors were singular. It
is usually assumed that this cannot happen unless there are particles that
become massless at some point in the field space, which would also produce
a singularity in the superpotential. This is just what happens at detM = 0,
where the massive gauge supermultiplets become massless. So we do not yet
understand the theory without VEVs.
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5 ‘t Hooft’s Anomaly Matching
‘t Hooft made one of the most important advances in understanding strongly
coupled theories with composite degrees of freedom by pointing out that the
anomalies of the constituents and the composites must match [28].
Consider an asymptotically free gauge theory, with a global symmetry
group G. We can easily compute the anomaly for three global G currents in
the ultraviolet by looking at triangle diagrams of the fermions. We will call
the result AUV . Now imagine that we weakly gauge G with a gauge coupling
g ≪ 1. If AUV 6= 0, then we can add some spectators that only have G gauge
couplings, they can be chosen such that their G anomaly is AS = −AUV ,
so the total G anomaly vanishes. Now construct the effective theory at a
scale less than the strong interaction scale. If we compute the G anomaly at
this scale we add up the triangle diagrams of light fermions, which consist
of the spectators and strongly interacting or composite fermions. If G is
not spontaneously broken by the strong interactions its anomaly must still
vanish17, so
0 = AIR + AS . (5.1)
Thus we have
AIR = AUV . (5.2)
Taking g → 0 decouples the weakly coupled gauge bosons but does not
change the three point functions of currents.
6 Duality for SUSY QCD
Theoretical effort in the mid 1990s (mainly due to Seiberg [8,29]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories18. After this work we now have a detailed understanding of
the infrared (IR) behavior of many strongly-coupled theories, including the
phase structure such theories.
17If G is spontaneously broken the anomaly will still be reproduced by the interactions
of the Goldstone bosons, this is the origin of the Wess-Zumino term [27].
18For other review of these developments see [9,30,31].
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The phase of a gauge theory can be understood by considering the po-
tential V (R) between two static test charges a distance R apart19. Up to an
additive constant we expect the functional form of the potential will fall into
one of the following categories:
Coulomb : V (R) ∼ 1
R
free electric : V (R) ∼ 1
R ln(RΛ)
free magnetic : V (R) ∼ ln(RΛ)
R
Higgs : V (R) ∼ constant
confining : V (R) ∼ σR .
(6.1)
The explanation of these functional forms is as follows. In a gauge theory
where the coupling doesn’t run (e.g.. at an IR fixed point or in QED at
energies below the electron mass) then we expect to simply have a Coulomb
potential. In a gauge theory where the coupling runs to zero in the IR
(e.g.. QED with massless electrons) there is an inverse logarithmic correction
to squared gauge coupling and hence to the potential. Since electric and
magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric-
magnetic duality to exchange electrons with monopoles one finds that the
logarithmic correction to the potential for static electrons renormalized by
massless monopole loops appears in the numerator since the coupling grows
in the IR. In a Higgs phase the gauge bosons are massive so there are no
long range forces. In a confining phase20 we expect a tube of confined gauge
flux between the charges, which, at large distances, acts like a string with
constant mass per unit length, and thus gives rise to a linear potential.
The familiar electric-magnetic duality exchanges electrons and magnetic
monopoles and hence the free electric phase with the free magnetic phase.
Mandelstam and ‘t Hooft [32] conjectured that duality could also exchange
the Higgs and confining phases and that confinement can be thought of
as a dual Meissner effect arising from a monopole condensate21. Electric-
19Holding the charges fixed for a time T corresponds to a Wilson loop of area T · R.
20More precisely a confining phase with area law confinement. Note however that with
dynamical quarks in the fundamental representation of the gauge group we can produce
quark anti-quark pairs which screen the test charge, so there is no long range force, that
is the flux tube breaks.
21Seiberg and Witten later showed that this is actually the case in certain N = 2 SUSY
gauge theories [33].
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magnetic duality also exchanges an Abelian Coulomb phase with another
Abelian Coulomb phase. Seiberg [9,29] conjectured that analogs of the first
and last of these dualities actually occur in the IR of non-Abelian N = 1
SUSY gauge theories and demonstrated that his conjecture satisfies many
non-trivial consistency checks.
6.1 The Classical Moduli Space for F ≥ N
Consider SU(N) SUSY QCD with F flavors and F ≥ N . This theory has a
global SU(F )× SU(F )×U(1)×U(1)R symmetry. The quantum numbers22
of the squarks and quarks are summarized in table 6.2.
SU(N) SU(F ) SU(F ) U(1) U(1)R
Φ, Q 1 1 F−N
F
Φ, Q 1 -1 F−N
F
(6.2)
The SU(F )×SU(F ) global symmetry is the analog of the SU(3)L×SU(3)R
chiral symmetry of non-supersymmetric QCD with 3 flavors, while the U(1)
is the analog23 of baryon number since quarks (fermions in the fundamental
representation of the gauge group) and anti-quarks (fermions in the anti-
fundamental representation of the gauge group) have opposite charges. There
is an additional U(1)R relative to non-supersymmetric QCD since in the
supersymmetric theory there is also a gaugino.
Recall that the D-terms for this theory are given in terms of the squarks
by
Da = g(Φ∗jn(T a)mn Φmj − Φjn(T a)mn Φ∗mj) , (6.3)
where j is a flavor index that runs from 1 to F , m and n are color indices that
run from 1 to N , the index a labels an element of the adjoint representation,
running from 1 to N2 − 1, and T a is a gauge group generator. The D-term
potential is:
V =
1
2g2
DaDa , (6.4)
22As usual only the R-charge of the squark is given, and R[Q] = R[Φ]− 1.
23Up to a factor of N .
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where we sum over the index a. Define
Dnm ≡ 〈Φ∗jnΦmj〉 , (6.5)
D
n
m ≡ 〈ΦjnΦ∗mj〉 . (6.6)
Dnm and D
n
m are N×N positive semi-definite Hermitian matrices. In a SUSY
vacuum state the vacuum energy vanishes and we must have:
Da ≡ gT amn (Dnm −Dnm) = 0 . (6.7)
Since T a is a complete basis for traceless matrices, we must have that the
second matrix is proportional to the identity:
Dnm −Dnm = ρI . (6.8)
Dnm can be diagonalized by an SU(N) gauge transformation
D′ = U †DU , (6.9)
so we can take Dnm to have the form:
D =

|v1|2
|v2|2
. . .
|vN |2
 . (6.10)
In this basis, because of Eq. (6.8),D
n
m must also be diagonal, with eigenvalues
|vi|2. This tells us that
|vi|2 = |vi|2 + ρ . (6.11)
Since Dnm and D
n
m are invariant under flavor transformations, we can use
SU(F )× SU(F ) flavor transformations to put 〈Φ〉 and 〈Φ〉 in the form
〈Φ〉 =

v1 0 . . . 0
. . .
...
...
vN 0 . . . 0
 , (6.12)
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〈Φ〉 =

v1
. . .
vN
0 . . . 0
...
...
0 . . . 0

. (6.13)
Thus we have a space of degenerate vacua, which is referred to as a moduli
space of vacua. The vacua are physically distinct since, for example, different
values of the VEVs correspond to different masses for the gauge bosons.
With a VEV for a single flavor turned on we break the gauge symmetry
down to SU(N−1). At a generic point in the moduli space the SU(N) gauge
symmetry is broken completely and there are 2NF −(N2−1) massless chiral
supermultiplets left over. We can describe these light degrees of freedom
in a gauge invariant way by scalar “meson” and “baryon” fields and their
superpartners:
M ji = Φ
jn
Φni , (6.14)
Bi1,...,iN = Φn1i1 . . .ΦnN iN ǫ
n1,...,nN , (6.15)
B
i1,...,iN = Φ
n1i1 . . .Φ
nN iN ǫn1,...,nN . (6.16)
The fermion partners of these fields are the corresponding products of scalars
and one fermion. There are constraints relating the fields M and B, since
the M has F 2 components, B and B each have
(
F
N
)
components, and all
three are constructed out of the same 2NF underlying squark fields. For
example, at the classical level, there is a relationship between the product of
the B and B eigenvalues and the product of the non-zero eigenvalues of M :
Bi1,...,iNB
j1,...,jN = M j1[i1 . . .M
jN
iN ]
, (6.17)
where [ ] denotes antisymmetrization.
Up to flavor transformations the moduli can be written as:
〈M〉 =

v1v1
. . .
vNvN
0
. . .
0

, (6.18)
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〈B1,...,N〉 = v1 . . . vN , (6.19)
〈B1,...,N〉 = v1 . . . vN , (6.20)
with all other components set to zero. We also see that the rank of M is at
most N . If it is less than N , then B or B (or both) vanish. If the rank of M
is k, then SU(N) is broken to SU(N − k) with F − k massless flavors.
6.2 The Quantum Moduli Space for F ≥ N
Recall that the ADS superpotential made no sense for F ≥ N however the
vacuum solution
M ji = (m
−1)ji
(
detmΛ3N−F
) 1
N , (6.21)
is still sensible. Giving large masses, mH , to flavors N through F and match-
ing the gauge coupling at the mass thresholds gives
Λ3N−FdetmH = Λ
2N+1
N,N−1 . (6.22)
The low-energy effective theory has N−1 flavors and an ADS superpotential.
If we give small masses, mL, to the light flavors we have
M ji = (m
−1
L )
j
i
(
detmLΛ
2N+1
N,N−1
) 1
N
= (m−1L )
j
i
(
detmLdetmHΛ
3N−F
) 1
N . (6.23)
Since the masses are holomorphic parameters of the theory, this relationship
can only break down at isolated singular points, so equation (6.21) is true for
generic masses and VEVs. For F ≥ N we can take mij → 0 with components
of M finite or zero. So the vacuum degeneracy is not lifted and there is
a quantum moduli space [34] for F ≥ N , however the classical constraints
between M , B and B may be modified. Thus we can parameterize the
quantum moduli space24 by M , B and B. When these fields have large
values (with maximal rank) then the squark VEVs are large (compared to
Λ) and the gauge theory is broken in the perturbative regime. As the meson
and baryon fields approach zero (the origin of moduli space) then the gauge
couplings become stronger, and at the origin we would naively expect a
singularity since the gluons are becoming massless at this point. We shall
see that this expectation is too naive.
24There is a theorem which shows that in general a moduli space is parameterized by
the gauge invariant operators, see [35].
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6.3 Infrared Fixed Points
For F ≥ 3N we lose asymptotic freedom, so the theory can be understood
as a weakly coupled low-energy effective theory. For F just below 3N we
have an infrared fixed point. This was pointed out by Banks and Zaks [36]
as a general property of gauge theories. By considering the large N limit of
SU(N) with F/N infinitesimally below the point where asymptotic freedom
is lost they showed that the β function has a perturbative fixed point. Here
we will apply their argument to SUSY QCD. Novikov, Shifman, Vainshtein
and Zakharov [37] have shown that the exact β function for the running
canonical25 gauge coupling is given by
β(g) = − g
3
16π2
(3N − F (1− γ))
1−N g2
8pi2
. (6.24)
where γ is the anomalous dimension of the quark mass term. In perturbation
theory one finds
γ = − g
3
8π2
N2 − 1
N
+O(g4) . (6.25)
So
16π2β(g) = −g3 (3N − F )− g
5
8π2
(
3N2 − FN − F N
2 − 1
N
)
+O(g7) . (6.26)
Now take the number of flavors to be infinitesimally close to the point where
asymptotic freedom is lost. For F = 3N − ǫN we have
16π2β(g) = −g3ǫN − g
5
8π2
(
3(N2 − 1) +O(ǫ)
)
+O(g7) . (6.27)
So there is an approximate solution of the condition β = 0 where there first
two terms cancel. This solution corresponds to a perturbative infrared (IR)
fixed point at
g2∗ =
8π2
3
N
N2 − 1 ǫ , (6.28)
25For discussions of how the holomorphic gauge coupling is related to the canonical
gauge coupling see [3,4,13,14].
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and we can safely neglect the O(g7) terms since they are higher order in ǫ.
Without any masses this fixed point gauge theory theory is scale invariant
when the coupling is set to the fixed point value g = g∗. A general result of
field theory is that a scale invariant theory of fields with spin ≤ 1 is actually
conformally invariant [38]. In a conformal SUSY theory the SUSY algebra
is extended to a superconformal algebra. A particular R-charge enters the
superconformal algebra in an important way, we will refer to this super-
conformal R-charge as Rsc. Mack found [39] that in the case of conformal
symmetry there are lower bounds on the dimensions of gauge invariant fields.
In the superconformal case26 it was shown for N = 1 by Flato and Fronsdal
[40] (and for general N by Dobrev and Petkova [41]) that the dimensions of
the scalar component of gauge invariant chiral and anti-chiral superfields are
given by
d =
3
2
Rsc, for chiral super fields , (6.29)
d = −3
2
Rsc, for anti− chiral super fields . (6.30)
Since the charge of a product of fields is the sum of the individual charges,
Rsc[O1O2] = Rsc[O1] +Rsc[O2] , (6.31)
we have the result that for chiral superfields dimensions simply add:
D[O1O2] = D[O1] +D[O2] . (6.32)
This is a highly non-trivial statement since in general the dimension of a
product of fields is affected by renormalizations that are independent of the
renormalizations of the individual fields. In general the R symmetry of a
SUSY gauge theory seems ambiguous27, since we can always form linear
combinations of any U(1)R with other U(1)’s, but for the fixed point of
SUSY QCD Rsc is unique since we must have
Rsc[Q] = Rsc[Q] . (6.33)
Thus we can identify the R charge we have been using (as given in table 6.2)
with Rsc. If we denote the anomalous dimension of the squarks at the fixed
26A brief review is given in the next section.
27A general procedure for determining the superconformal R symmetry was given by
Intriligator and Wecht [42]
44
point by γ∗ then the dimension of the meson field at the IR fixed point is
D[M ] = D[ΦΦ] = 2 + γ∗ =
3
2
2
(F −N)
F
= 3− 3N
F
, (6.34)
and the anomalous dimension of the mass operator at the fixed point is
γ∗ = 1− 3N
F
. (6.35)
We can also check that the exact β function (6.24) vanishes:
β ∝ 3N − F (1− γ∗) = 0 . (6.36)
For a scalar field in a conformal theory we also have [39]
D(φ) ≥ 1 , (6.37)
with equality holding for a free field. Requiring that D[M ] ≥ 1 implies
F ≥ 3
2
N . (6.38)
Thus the IR fixed point is an interacting conformal theory for 3
2
N < F <
3N . Such conformal theories have no particle interpretation, but anomalous
dimensions are physical quantities.
6.4 An Aside on Superconformal Symmetry
The reader may skip this section on her first time through, and return to
it later if she remains curious about how the results quoted above relating
scaling dimensions to R-charges were obtained. I will loosely follow the
discussion of ref. [43].
The generators of the conformal group can be represented by
Mµν = −i(xµ∂ν − xν∂µ)
Pµ = −i∂µ
Kµ = −i(x2∂µ − 2xµxα∂α)
D = ixα∂
α , (6.39)
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where Mµν are the ordinary Lorentz rotations/boosts, Pµ are the translation
generators, Kµ are referred to as the “special” conformal generators, andD is
the dilation generator. (D is also know as the “dilatation” generator by those
who like extra syllables.) In 4 spacetime dimensions, the conformal group
is isomorphic to SO(4, 2) We would like to find the restrictions that can
be placed on conformal field theory operators by constructing the unitary
irreducible representations of the conformal group. The simplest method
to perform this construction is not with the generators defined above but
by a related set of generators that correspond to “radial quantization” in
Euclidean space. These generators are defined with indices that runs from 1
to 4:
M ′ij = Mjk
M ′j4 =
1
2
(Pj −Kj)
D′ = − i
2
(P0 +K0)
P ′j =
1
2
(Pj +Kj) + iM
′
j0
P ′4 = −D −
i
2
(P0 −K0)
K ′j =
1
2
(Pj +Kj)− iM ′j0
K ′4 = −D +
i
2
(P0 −K0) , (6.40)
where j = 1, 2, 3 and D′ acts as the “Hamiltonian” of the “radial quan-
tization”. The eigenstates of the “radial quantization” are in one to one
correspondence with the operators of the conformal field theory. From these
definitions we see that
D′† = −D′
P ′†i = K
′
j . (6.41)
An SO(4, 2) representation can be specified by its decomposition into ir-
reducible representations of its maximal compact subgroup which is SO(4)×
SO(2). The SO(4) ≈ SU(2)× SU(2) representations are just the usual rep-
resentations of the Lorentz group which can be specified by two half-integers
46
(j, j˜) (Lorentz spins):
(scalar) = (0, 0)
(spinor) =
(
1
2
, 0
)
or
(
0,
1
2
)
(6.42)
(vector) =
(
1
2
,
1
2
)
.
The SO(2) representation is labeled by the eigenvalue of D′ acting on the
state (operator). I will denote this eigenvalue by −id where d is the scaling
dimension of the operator. To complete the construction we need raising and
lowering operators for the SO(2) group. We can choose a basis such that
P ′ is a raising operator and therefore K ′ is a lowering operator. Then we
can classify multiplets by the scaling dimension of the lowest weight state
(the state annihilated by K ′). The operator corresponding to the lowest
weight state is also known as the primary operator. One can check (using the
commutator [D′, P ′µ] = −iP ′µ) that acting on the lowest weight operator with
the raising operator P ′, gives a new operator (sometimes called a descendant
operator) with scaling dimension d+ 1.
Unitarity requires that any linear combination of states have positive
norm, so in particular the state
aP ′m|d, (j1, j˜1)〉+ b P ′n|d, (j2, j˜2)〉 , (6.43)
(with m 6= n) must have positive norm. Using the commutator
[P ′m, K
′
n] = −i(2δmnD′ + 2M ′mn) , (6.44)
we find
(|a|2 + |b|2)d+ 2Re(a∗b〈d, (j1, j˜1)|iM ′mn|d, (j2, j˜2)〉 ≥ 0 . (6.45)
Given that iM ′mn has real eigenvalues and restricting to |a| = |b| this condi-
tion can be written as
d ≥ ±〈d, (j1, j˜1)|iM ′mn|d, (j2, j˜2)〉 . (6.46)
To find the eigenvalues of iM ′mn write (for fixed m, n)
iM ′mn =
i
2
(δmαδnβ − δmβδnα)M ′αβ , (6.47)
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which can be re-written as
M ′mn = (V.M
′)mn , (6.48)
where V is the generator of SO(4) rotations in the vector representation:
Vαβmn = i(δmαδnβ − δmβδnα) , (6.49)
and
A.B ≡ 1
2
AαβBαβ . (6.50)
By a similarity transformation we can go to a Clebsch-Gordan basis where
(V + M ′), V , and M ′ are “simultaneous (commuting) quantum numbers”
and use the relation28
V.M =
1
2
[
(V +M ′)2 − V 2 −M ′2
]
(6.51)
From this one can show that that the most negative eigenvalue of V.M has a
larger magnitude than the most positive eigenvalue, so the most restrictive
bound from the inequality (6.46) is the case with the − sign. If our state
|d, j2, j˜2〉 corresponds to the representation r of SO(4), and r′ is the repre-
sentation with the smallest quadratic Casimir in the product r× V then we
have
d ≥ 1
2
[C2(r) + C2(V )− C2(r′)] (6.52)
where
C2(V ) ≡ V.V (6.53)
and so on. Using the fact that the SO(4) Casimir is twice the sum of the
SU(2) Casimirs (i.e. C2(j, j˜) = 2(J
2+ J˜2) = 2(j(j +1)+ j˜(j˜ + 1))), one can
check that
C2(scalar) = 0
C2(spinor) =
3
2
(6.54)
C2(vector) = 3 ,
28Readers of a certain age will recognize this technique from the calculation of the most-
attractive channel in single gauge boson exchange [44], while all readers should recognize
the calculation of the spin-orbit term.
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and thus:
d ≥ 0 , (scalar)
d ≥ 3
2
, (spinor) (6.55)
d ≥ 3 , (vector) .
The first two bounds are perfectly reasonable since the identity operator is a
scalar and has dimension 0, and a free (massless) spinor has dimension 3/2.
The third bound may be a little surprising since a free massless vector (gauge)
boson field has dimension 1, however such a field is not gauge invariant, and
thus unitarity cannot be applied. A conserved current is a gauge-invariant
vector field and does have dimension 3.
Applying similar arguments to states with P ′iP
′
k acting on them, one finds
for scalars
d(d− 1) ≥ 0 , (6.56)
which means that for scalar operators with d > 0 (i.e. operators other than
the identity)
d ≥ 1 . (6.57)
Turning to superconformal symmetry, first note that in addition to the
usual (Euclidian) supersymmetry generators Q′iα (where α is a spinor index
and i runs from 1 to N ) there is also a superconformal generator S ′jβ such
that
Q′† = S ′ . (6.58)
Q′ and S ′ can be chosen to be real Majorana (four component) spinors.There
is also an R-symmetry which is U(1) for N = 1, U(2) for N = 2, and SU(4)
for N = 4. In general we can take the matrix
(Tij)pq = δipδjq , (6.59)
as a generator of the full R-symmetry, and R as the generator of the Abelian
R-symmetry (i.e. for N = 1 we have R ≡ T11; for N = 2, R ≡ ∑ Tij; while
for N = 4 set R = 0).
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The R-symmetry does not commute with the supersymmetry generators,
to see this explicitly we need a few more definitions. Define the Euclidian Γ
matrices in terms of the Lorentzian γ matrices by
Γi = γi , (6.60)
Γ4 = −iγ0 , (6.61)
and choose a basis where Γa is real and hermitian Then we can define left-
handed and right-handed projection operators by
P− =
1
2
(1− γ5) , (6.62)
P+ =
1
2
(1 + γ5) . (6.63)
The convention is that (j, j˜) = (1/2, 0) corresponds to the fermion component
of chiral supermultiplet which is projected to zero by P−.
Finally we can then write
[Tij , Q
′
m] = P+Q
′
iδjm − P−Q′jδjm (6.64)
[Tij , S
′
m] = P+ S
′
iδjm − P− S ′jδjm (6.65)
Most importantly for the unitarity bounds, the anticommutator of Q′ and S ′
is:
{Q′iα, S ′jβ} = i
δij
2
[(M ′mnΓmΓn)αβ + 2δαβD
′]
−2(P+)αβTij + 2(P−)αβTji + δij
2
(γ5)αβR . (6.66)
Now apply the requirement of unitarity to the state
aQ′iα|d,R, (j1, j˜1)〉+ bQ′jβ|d,R, (j2, j˜2)〉 , (6.67)
(with α 6= β, and for simplicity I will only consider N = 1). The result is
d ≥ ±〈d,R, (j1, j˜1)| i
2
(M ′mnΓmΓn)αβ −
3
2
(γ5)αβR|d,R, (j2, j˜2)〉 . (6.68)
The operator inside the matrix element can be split into left and right-handed
parts (i.e. proportional to P+ and P−):
P+(4J.S − 3
2
R) + P−(4J˜ .S˜ +
3
2
R) , (6.69)
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where S is the rotation generator in the spin-half representation of the first
SU(2) embedded in SO(4), and S˜ is the corresponding generator of the
second SU(2). The eigenvalues of 2J.S are −j − 1 and j for j > 0 and 0
for j = 0, so, as before, the most negative eigenvalues provide the strongest
bounds.
d ≥ P+(2j + 2− 2δj0 + 3
2
R) + P−(2j˜ + 2− 2δj˜0 −
3
2
R) . (6.70)
Although P+ and P− were defined in the superconformal algebra to act on
spinors, they have been implicitly extended to act as projection operators on
superpartners of spinors in the same way they act on the spinors themselves.
The bound we have found above is not the whole story. The bound
(6.70) is a necessary condition [43] but if either j or j˜ are zero there are more
restrictive conditions [40,41] that require:
d ≥ dmax = max
(
2j + 2 +
3
2
R , 2j˜ + 2− 3
2
R
)
≥ 2 + j + j˜
or d =
3
2
|R| . (6.71)
Here dmax is the boundary of the continuous range, while the isolated point
(which happen only in the supersymmetric case [40,41]) is achieved for chiral
and anti-chiral superfields. We can check the result (6.70) by considering
a chiral supermultiplet with R-charge Rsc. The primary field is the lowest
component of the supermultiplet, which is just the scalar with (j, j˜) = (0, 0).
Equality is achieved in the necessary condition (6.70) on the scaling dimen-
sion of the scalar component at:
d =
3
2
Rsc , (6.72)
in agreement with the results of [40,41]. It is this special case which is of
interest for the chiral supermultiplet. The reason is that superconformal
multiplets are generally much larger than supermultiplets (due to the exis-
tence of the S ′ generator), but the superconformal multiplets can degenerate
(“shorten” in the language of ref. [45]) precisely at the point where some
of the states have zero norm, which is the point where the bound is satu-
rated. In other words, in a superconformal theory, chiral supermultiplets are
“short” multiplets.
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6.5 Duality
In a conformal theory (even if it is strongly coupled) we don’t expect any
global symmetries to break, so ‘t Hooft anomaly matching should apply to
any description of the low-energy degrees of freedom. The anomalies of the
mesons and baryons described above do not match to those of the quarks and
gaugino. However Seiberg [29] found a non-trivial solution to the anomaly
matching using a “dual” SU(F − N) gauge theory with a “dual” gaugino,
“dual” quarks and a gauge singlet “dual mesino” with the following quantum
numbers29:
SU(F −N) SU(F ) SU(F ) U(1) U(1)R
q 1 N
F−N
N
F
q 1 − N
F−N
N
F
mesino 1 0 2 F−N
F
(6.73)
In the language of duality the dual quarks can be thought of as “mag-
netic” quarks, in analogy with the duality between electrons and magnetic
monopoles.
The anomalies of the two dual theories match as follows:
SU(F )3 : −(F −N) + F = N
U(1)SU(F )2 :
N
F −N (F −N)
1
2
=
N
2
U(1)RSU(F )
2 :
N − F
F
(F −N)1
2
+
F − 2N
F
F
1
2
= −N
2
2F
U(1)3 : 0
U(1) : 0
U(1)U(1)2R : 0
U(1)R :
(
N − F
F
)
2(F −N)F +
(
F − 2N
F
)
F 2 + (F −N)2 − 1
= −N2 − 1
U(1)3R :
(
N − F
F
)3
2(F −N)F +
(
F − 2N
F
)3
F 2 + (F −N)2 − 1
= −2N
4
F 2
+N2 − 1
29As usual only the R-charge of the scalar component is given, and R[fermion] =
R[scalar]− 1.
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U(1)2U(1)R :
(
N
F −N
)2 N − F
F
2F (F −N) = −2N2 . (6.74)
This theory admits a unique superpotential:
W = λM˜ ji φjφ
i
, (6.75)
where φ represents the “dual” squark (that is the scalar superpartner of the
“dual” quark q) and M˜ is the dual meson (the scalar superpartner of the
“dual” mesino). This ensures that the two theories have the same number of
degrees of freedom since the M˜ equation of motion removes the color singlet
φφ degrees of freedom. The counting works because both theories have the
same number of massless chiral superfields at a generic point in moduli space:
2FN − 2(N2 − 1) = 2FN˜ − 2(N˜2 − 1) , (6.76)
where N˜ = F −N is the number of colors in the dual theory.
The dual theory also has baryon operators:
bi1,...,iF−N = φn1i1 . . . φnF−N iF−N ǫn1,...,nF−N (6.77)
b i1,...,iF−N = φn1i1 . . . φnF−N iF−N ǫ
n1,...,nF−N . (6.78)
Thus the two moduli spaces have a simple mapping
M ↔ M˜
Bi1,...,iN ↔ ǫi1,...,iN ,j1,...jF−N bj1,...,jFN
B
i1,...,iN ↔ ǫi1,...,iN ,j1,...jF−N bj1,...,jFN . (6.79)
The one-loop β function in the dual theory is
β(g˜) ∝ −g˜3(3N˜ − F ) = −g˜3(2F − 3N) . (6.80)
So the dual theory loses asymptotic freedom when F ≤ 3N/2. In other words,
the dual theory leaves the conformal regime to become infrared free at exactly
the point where the meson of the original theory becomes a free field which
implies very strong coupling for the underlying quarks and squarks.
We can also apply the Banks-Zaks [36] argument to the dual theory [46].
When
F = 3N˜ − ǫN˜
=
3
2
(
1 +
ǫ
6
)
N , (6.81)
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there is a perturbative fixed point at
g˜2∗ =
8π2
3
N˜
N˜2 − 1
(
1 +
F
N˜
)
ǫ (6.82)
λ2∗ =
16π2
3N˜
ǫ . (6.83)
At this fixed point D(M˜φφ) = 3, so the superpotential term is marginal.
If the superpotential coupling λ = 0, then M˜ has no interactions (it is a free
field) and therefore its dimension is 1. If the dual gauge coupling is set close
to the Banks-Zaks fixed point and λ ≈ 0 then we can calculate the dimension
of φφ from the Rsc charge for F > 3N/2:
D(φφ) =
3(F − N˜)
F
=
3N
F
< 2 . (6.84)
So the superpotential is a relevant operator (not marginal) and thus there is
an unstable fixed point at
g˜2 = g˜2∗ =
8π2
3
N˜
N˜2 − 1 ǫ (6.85)
λ2 = 0 . (6.86)
In other words the pure Banks-Zaks fixed point in the dual theory is unstable
and the superpotential coupling flows toward the non-zero value given in
(6.83).
So we have found that not only does SUSY QCD have an interacting IR
fixed point for 3N/2 < F < 3N there is a dual description that also has
an interacting fixed point in the same region. The original theory is weakly
coupled near F = 3N and moves to stronger coupling as F is reduced, while
the dual theory is weakly coupled near F = 3N/2 and moves to stronger
coupling as F is increased.
For F ≤ 3N/2 the IR fixed point of the dual theory is trivial (asymptotic
freedom is lost in the dual):
g˜2∗ = 0 (6.87)
λ2∗ = 0 . (6.88)
Since M˜ has no interactions it has scaling dimension 1, and there is an
accidental U(1) symmetry in the infrared. For this range of F , Rsc is a
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linear combination of R and this accidental U(1). This is consistent with the
relation D(M˜) = (3/2)Rsc(M˜). Surprisingly in this range we find that the
the IR is a theory of free massless composite gauge bosons, quarks, mesons,
and their superpartners. We can lower the number of flavors to F = N + 2,
but to go below this requires new considerations since there is no dual gauge
group SU(F −N) when F = N + 1. We will examine what happens in this
case in detail later on.
To summarize, for 3N > F > 3N/2 what we have found is two different
theories that have IR fixed points that describe the same physics. For 3N/2 ≥
F > N + 1 we have found that a strongly coupled theory and an IR free
theory describe the same physics. Two theories having the same IR physics
are referred to as “being in the same universality class” by condensed matter
physicists. This phenomenon also occurs in particle theory, a well known
example of this is QCD and the chiral Lagrangian. Having two different
description can be very useful if one theory is strongly coupled and the other
is weakly coupled. (Two different theories could not both be weakly coupled
and describe the same physics.) Then we can calculate non-perturbative
effects in one theory by simple doing perturbative calculations in the other
theory. Here we see that even when the dual theory cannot be thought of
as being composites of the original degrees of freedom (since there is no
particle interpretation of conformal theories it doesn’t make sense to talk
about composite particles) it still provides a weakly coupled description in
the region where the original theory is strongly coupled. The name duality
has been introduced because both theories are gauge theories and thus there
is some resemblance to electric-magnetic duality and the Olive-Montonen
duality [47] of N = 4 SUSY gauge theories. However. Olive-Montonen
duality is valid at all energy scales, while for these N = 1 theories, as we go
up in energy the infrared correspondence of Seiberg duality is lost.
6.6 Integrating out a flavor
If we give a mass to one flavor in the original theory we have added a super-
potential term
Wmass = mΦ
F
ΦF . (6.89)
In the dual theory we then have the superpotential
Wd = λM˜
j
i φ
i
φj +mM˜
F
F . (6.90)
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Where we have made use of the mapping (6.79). Because of this mapping it
is common (though somewhat confusing) to write
λM˜ =
M
µ
, (6.91)
which trades the coupling λ for a scale µ and uses the same symbol, M ,
for fields in the two different theories that have the same quantum numbers.
With this notation the dual superpotential is
Wd =
1
µ
M ji φ
i
φj +mM
F
F . (6.92)
The equation of motion for MFF is:
∂Wd
∂MFF
=
1
µ
φ
F
φF +m = 0 . (6.93)
So the dual squarks have VEVs:
φ
F
φF = −µm . (6.94)
We saw earlier that along such a D-flat direction we have a theory with one
less color, one less flavor, and some singlets. The spectrum of light degrees
of freedom is:
SU(F −N − 1) SU(F − 1) SU(F − 1)
q′ 1
q′ 1
M ′ 1
q′′ 1 1
q′′ 1 1
S 1 1 1
MFj 1 1
M jF 1 1
MFF 1 1 1
(6.95)
The low-energy effective superpotential is:
Weff =
1
µ
(
〈φF 〉M jFφ′′j + 〈φF 〉MFi φ′′i +MFF S
)
+
1
µ
M ′φ
′
φ′ . (6.96)
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So we can integrate out M jF , φ
′′
j , M
F
i , φ
′′i
, MFF , and S since they all have
mass terms in the superpotential. This leaves just the dual of SU(N) with
F − 1 flavors which has a superpotential
W =
1
µ
M ′φ
′
φ′ . (6.97)
Similarly one can check that there is a consistent mapping between the two
dual theories when one flavor of the original squarks and anti-squarks have
D-flat VEVs, and the corresponding meson VEV gives a mass to the dual
quarks and dual squarks, which can then be integrated out. The analysis of
baryonic D-flat directions was done in ref. [48].
6.7 Consistency
We have seen that Seiberg’s conjectured duality satisfies three non-trivial
consistency checks:
• The global anomalies of the original quarks and gauginos match those
of the dual quarks, dual gauginos, and “mesons”.
• The moduli spaces have the same dimensions and the gauge invariant
operators match:
M ↔ M˜
Bi1,...,iN ↔ ǫi1,...,iN ,j1,...jF−N bj1,...,jFN
B
i1,...,iN ↔ ǫi1,...,iN ,j1,...jF−N bj1,...,jFN . (6.98)
• Integrating out a flavor in the original theory results in an SU(N)
theory with F − 1 flavors, which should have a dual with SU(F −N −
1) and F − 1 flavors. Starting with the dual of the original theory,
the mapping of the mass term is a linear term for the “meson” which
forces the dual squarks to have a VEV and Higgses the theory down to
SU(F −N − 1) with F − 1 flavors.
The duality exchanges weak and strong coupling and also classical and
quantum effects. For example in the original theory M satisfies a classical
constraint30 rank(M) ≤ N . In the dual theory there are F − rank(M) light
30Discussed at the end of section 6.1.
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dual quarks. If rank(M) > N then the number of light dual quarks is less
than N˜ = F − N , and an ADS superpotential is generated, so there is no
vacuum with rank(M) > N . Thus in the dual, rank(M) ≤ N is enforced by
quantum effects.
7 Confinement in SUSY QCD
For certain special cases (particular values of the number of flavors) the
description in terms of a dual gauge theory breaks down since there is no
possible dual gauge group. Remarkably one finds that the low-energy effec-
tive theory simply contains mesons and baryons and that their properties
can actually be derived from the case where there is a dual gauge group.
7.1 F = N : Confinement with Chiral Symmetry Break-
ing
For SUSY QCD with F = N flavors Seiberg [34] found that all the ‘t Hooft
anomaly matching conditions can be solved with just the color singlet meson
and baryon fields, that is no dual quarks are required. Thus this theory is
confining in the sense that all of the massless degrees of freedom are color
singlet particles.
Recall that the classical moduli space of SUSY QCD is parameterized by
M ji = Φ
jn
Φni (7.1)
Bi1,...,iN = Φn1i1 . . .ΦnN iN ǫ
n1,...,nN (7.2)
B
i1,...,iN = Φ
n1i1 . . .Φ
nN iN ǫn1,...,nN . (7.3)
For F = N flavors the baryons are flavor singlets:
B = ǫi1,...,iFBi1,...,iF (7.4)
B = ǫi1,...,iFB
i1,...,iF . (7.5)
We also saw that classically these fields satisfy a constraint:
detM = BB . (7.6)
With quark masses turned on we have:
〈M ji 〉 = (m−1)ji
(
detmΛ3N−F
) 1
N . (7.7)
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Taking a determinant of this equation (and using F = N) we have
det〈M〉 = det (m−1) detmΛ2N = Λ2N , (7.8)
independent of the masses. However detm 6= 0 sets 〈B〉 = 〈B〉 = 0, since we
can integrate out all the fields that have baryon number. Thus the classical
constraint is violated! To understand what is going on it is helpful to use
holomorphy and the symmetries of the theory. The flavor invariants are:
U(1)A U(1) U(1)R
detM 2N 0 0
B N N 0
B N −N 0
Λ2N 2N 0 0
(7.9)
Note that the R-charge of the squarks, F−N
F
, vanishes since F = N . Thus a
generalized form of the constraint that has the correct Λ→ 0 and B,B → 0
limits is
detM − BB = Λ2N
1 +∑
pq
Cpq
(
Λ2N
)p
(BB)q
(detM
)p+q
 , (7.10)
with p, q > 0. For 〈BB〉 ≫ Λ2N the theory is perturbative, but with Cpq 6= 0
we find solutions of the form
detM ≈
(
BB
) q−1
p+q , (7.11)
which do not reproduce the weak coupling Λ→ 0 limit, thus we can conclude
Cpq = 0. Therefore the quantum constraint is:
detM − BB = Λ2N . (7.12)
First note that this equation has the correct form to be an instanton effect
since
e−Sinst ∝ Λb = Λ2N . (7.13)
Also note that we cannot take M = B = B = 0, that is we cannot go to the
origin of moduli space (this situation is referred to as a “deformed” moduli
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space). This means that the global symmetries are at least partially broken
everywhere in the quantum moduli space.
For example consider the following special points with enhanced symme-
try: M ji = Λ
2δji , B = B = 0 andM = 0, BB = −Λ2N . In the first case, with
M = Λ2, the global SU(F ) × SU(F ) × U(1) × U(1)R symmetry is broken
to SU(F )d × U(1) × U(1)R, that is the theory undergoes chiral symmetry
breaking and, as in non-supersymmetric QCD, the chiral symmetry is broken
to the diagonal subgroup. For BB = −Λ2N the global symmetry is broken
to SU(F )×SU(F )×U(1)R, that is baryon number is spontaneously broken.
For large VEVs we can understand this symmetry breaking as a perturbative
Higgs phase with squark VEVs giving masses to quarks and gauginos (See
Figure 3). There is no point in the moduli space where gluons become light,
so there are no singular points, and the moduli space is smooth. This is an
example of a theory that exhibits “complementarity” [49,50] since we can go
smoothly from a Higgs phase (large VEVs) to a confining phase (VEVs of
O(Λ)) without going through a phase transition. Complementarity holds in
any theory where there are scalars (in our case they are squarks) in the fun-
damental representation31 of the gauge group. In such a theory we can take
any colored field and, by multiplying by enough scalar fields, we can form a
color singlet operator32. In other words any color charge can be screened. In
a theory where screening does not happen a Wilson loop33 can obey an area
law (which indicates confinement) or a perimeter law (which happens in a
Higgs phase) and it can therefore act as a gauge invariant order parameter
which can distinguish between the area law confinement phase and the Higgs
phase. In a screening theory a Wilson loop will always obey a perimeter
law (even if confinement occurs, since all the dynamics takes place along
the perimeter of the loop where the screening occurs) as it does in a Higgs
phase. Thus in screening theories there is no gauge invariant order parameter
that can distinguish between a confining phase and a Higgs phase, so there
can be no phase transition between the two regimes and the theory exhibits
31Also known as defining or faithful representations of the gauge group.
32In the perturbative regime this color singlet operator is just the original colored field
multiplied by VEVs, while in the regime of small VEVs it can be a complicated non-
perturbative object.
33A Wilson loop is a closed quark loop. If the expectation value of the loop goes like
e−c1A, where A is the area enclosed by the Wilson loop it is said to obey an area law. If
the expectation value of the loop goes like e−c2L, where L is the length of the perimeter
of the Wilson loop it is said to obey a perimeter law.
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Figure 3: Squark VEV (dashed line with cross) gives a mass to a quark (solid
lines) and a gaugino (wavy line).
complementarity.
7.2 F = N : Consistency Checks
The constraint (7.12) can be put in the form of an equation of motion arising
from a superpotential by introducing a Lagrange multiplier field, which we
can refer to as X:
Wconstraint = X
(
detM − BB − Λ2N
)
. (7.14)
We can now check the consistency of the confined picture by adding a mass
for the Nth flavor. It is convenient to re- write the meson field as
M =
(
M˜ ji N
j
Pi Y
)
, (7.15)
where M˜ is an (N − 1)× (N − 1) matrix. We can then write the mass term
for the Nth flavor in the confined description as Wmass = mY , so that the
full superpotential is
W = X
(
detM − BB − Λ2N
)
+mY . (7.16)
We then have the following equations of motion:
∂W
∂B
= −XB = 0 (7.17)
∂W
∂B
= −XB = 0 (7.18)
∂W
∂N j
= X cof(N j) = 0 (7.19)
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∂W
∂Pi
= X cof(Pi) = 0 (7.20)
∂W
∂Y
= X detM˜ +m = 0 , (7.21)
where cof(M ij) is the cofactor of the matrix element M
i
j . The solution of
these equations is:
X = −m
(
detM˜
)−1
(7.22)
B = B = N j = Pi = 0 . (7.23)
Plugging this solution into the equation of motion for X (the constraint
equation) gives
∂W
∂X
= Y detM˜ − Λ2N = 0 . (7.24)
So, putting this result into the full superpotential (7.16), we find the low-
energy effective superpotential is
Weff =
mΛ2N
detM˜
. (7.25)
Using the usual matching relation for the holomorphic gauge coupling we
find
mΛ2N = Λ2N+1N,N−1 , (7.26)
so
Weff =
Λ2N+1N,N−1
detM˜
. (7.27)
This is just the Affleck-Dine-Seiberg superpotential for SU(N) with N − 1
flavors
As a further consistency check let’s consider in more detail the points in
the moduli space with enhanced symmetry. When M ji = Λ
2δji , B = B = 0
the global symmetry is broken to SU(F )d × U(1) × U(1)R. In terms of
the elementary fields, the Φ and Φ VEVs break SU(N) × SU(F ) × SU(F )
to SU(F )d. The quarks transform as × = 1 +Ad under this diagonal
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group, while the gluino transforms asAd. The composites have the following
quantum numbers34:
SU(F )d U(1) U(1)R
M − TrM Ad 0 0
TrM 1 0 0
B 1 N 0
B 1 −N 0
(7.28)
The field TrM gets a mass with the Lagrange multiplier field X. The non-
trivial anomalies match as follows (recalling that F = N):
elem. comp.
U(1)2U(1)R : −2FN −2N2
U(1)R : −2FN +N2 − 1 −(F 2 − 1)− 1− 1
U(1)3R : −2FN +N2 − 1 −(F 2 − 1)− 1− 1
U(1)RSU(F )
2
d : −2N +N −N .
(7.29)
At M = 0, BB = −Λ2N only the U(1) is broken. The composites trans-
form as:
SU(F ) SU(F ) U(1)R
M 0
B 1 1 0
B 1 1 0
(7.30)
The linear combination B+B gets a mass with the Lagrange multiplier field
X. The anomalies match as follows:
elem. comp.
SU(F )3 : N F
U(1)RSU(F )
2 : −N 1
2
−F 1
2
U(1)R : −2FN +N2 − 1 −F 2 − 1
U(1)3R : −2FN +N2 − 1 −(F 2 − 1)− 1− 1 .
(7.31)
which, again, agree because F = N .
34As usual only the R-charge of the scalar component is given, and R[fermion] =
R[scalar]− 1.
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8 S-Confinement in SUSY QCD
8.1 F = N + 1: Confinement without chiral symmetry
breaking
For SUSY QCD with F = N + 1 flavors Seiberg [34] again found that all
the ‘t Hooft anomaly matching conditions can be satisfied with just the
color singlet meson and baryon fields; thus this theory is also confining.
This theory also exhibits complementarity [49,50] since screening can occur
(as discussed at the end of section 7.1). However, the theory with F =
N + 1 flavors does not require chiral symmetry breaking, that is we can go
to the origin of moduli space. Furthermore the theory develops a dynamical
superpotential. Confining theories that screen, do not spontaneously break
global symmetries, and have dynamical superpotential have been dubbed
“s-confining” [51].
To see that spontaneous chiral symmetry breaking does not occur we
begin by recalling the classical constraints on the meson and baryon fields.
For F = N+1 flavors the baryons are flavor anti-fundamentals (and the anti-
baryons are flavor fundamentals) since they are anti-symmetrized in N =
F − 1 colors:
Bi = ǫi1,...,iN ,iBi1,...,iN , (8.1)
Bi = ǫi1,...,iN ,iB
i1,...,iN . (8.2)
With this notation the classical constraints are:
(M−1)ijdetM = B
iBj , (8.3)
M ji B
i =M ji Bj = 0 . (8.4)
With non-zero quark masses we have:
〈M ji 〉 = (m−1)ji
(
detmΛ2N−1
) 1
N , (8.5)
〈Bi〉 = 〈Bj〉 = 0 . (8.6)
So taking a determinant of equation (8.5) gives
(M−1)ijdetM = m
i
jΛ
2N−1 . (8.7)
Thus we see that the classical constraint is satisfied as mij → 0. Taking this
limit in different ways we can cover the classical moduli space, so the classical
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and quantum moduli spaces are the same. In particular chiral symmetry
remains unbroken at M = B = B = 0.
The most general superpotential allowed for the mesons and baryons is:
W =
1
Λ2N−1
[
αBiM ji Bj + βdetM + detM f
(
detM
BiM ji Bj
)]
, (8.8)
where f is an as yet unknown function. Actually only f = 0 reproduces the
classical constraints:
∂W
∂M ji
=
1
Λ2N−1
[
αBiBj + β(M
−1)ijdetM
]
= 0 , (8.9)
∂W
∂Bi
=
1
Λ2N−1
αM ji Bj = 0 , (8.10)
∂W
∂Bj
=
1
Λ2N−1
αBiM ji = 0 , (8.11)
provided that β = −α.
To determine α, consider adding a mass for one flavor so that we can
compare with the results for F = N flavors.
W =
α
Λ2N−1
[
BiM ji Bj − detM
]
+mX , (8.12)
where
M =
(
M ′ij Z
i
Yj X
)
, (8.13)
B =
(
U i, B′
)
, (8.14)
B =
(
U j ,
B
′
)
. (8.15)
For this theory with one massive flavor and F = N light flavors we have the
following equations of motion:
∂W
∂Y
=
α
Λ2N−1
(
B′U − cof(Y )
)
= 0 (8.16)
∂W
∂Z
=
α
Λ2N−1
(
UB
′ − cof(Z)
)
= 0 (8.17)
∂W
∂U
=
α
Λ2N−1
ZB
′
= 0 (8.18)
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∂W
∂U
=
α
Λ2N−1
B′Y = 0 (8.19)
∂W
∂X
=
α
Λ2N−1
(
B′B
′ − detM ′
)
+m = 0 . (8.20)
(8.21)
The solution of these equations is:
Y = Z = U = U = 0 , (8.22)
detM ′ − B′B′ = mΛ
2N−1
α
=
1
α
Λ2NN,N . (8.23)
Equation (8.23) gives the correct quantum constraint (7.12) for F = N flavors
if and only if α = 1.
Plugging the solutions of the equations of motion into the superpotential
(8.12) we find the effective superpotential is
Weff =
X
Λ2N−1
(
B′B
′ − detM ′ +mΛ2N−1
)
. (8.24)
With the usual matching relation for the holomorphic gauge coupling we find
mΛ2N−1 = Λ2NN,N , (8.25)
so
Weff =
X
Λ2N−1
(
B′B
′ − detM ′ + Λ2NN,N
)
. (8.26)
Holding ΛN,N fixed as m → ∞ implies that Λ → 0, so X becomes a La-
grange multiplier field in this limit. Thus we can completely reproduce the
superpotential (7.14) used to discuss F = N flavors in section 7.2.
Thus to summarize we have determined that the correct superpotential
for the confined description of SUSY QCD with F = N + 1 flavors is:
W =
1
Λ2N−1
[
BiM ji Bj − detM
]
, (8.27)
Since the point M = B = B = 0 in on the quantum moduli space, we
should worry about what singular behavior occurs there. Naively gluons and
gluinos should become massless. What actually happens is that only the
66
components of M , B, B become massless. That is we simply have confine-
ment without chiral symmetry breaking. This is the type of theory that ‘t
Hooft was searching for when he proposed his anomaly matching conditions
[28].
The color singlet composites transform as35:
SU(F ) SU(F ) U(1) U(1)R
M 0 2
F
B 1 N N
F
B 1 −N N
F
(8.28)
Some of the anomaly matchings go as follows:
elem. comp.
SU(F )3 : N F − 1
U(1)SU(F )2 : N 1
2
N 1
2
U(1)RSU(F )
2 : −N
F
N
2
2−F
F
F
2
+ N−F
F
U(1)R : −N2 − 1 2−FF F 2 + 2(N − F )
U(1)3R : −
(
N
F
)3
2NF +N2 − 1
(
2−F
F
)3
F 2 +
(
N−F
F
)3
2F ,
(8.29)
which agree because F = N + 1.
8.2 Connection to theories with F > N + 1
We can also check that the confined descriptions of the theories with F = N
and F = N + 1 flavors are consistent with dual descriptions of the theories
with more flavors. Consider the dual theory for F = N + 2:
SU(2) SU(N + 2) SU(N + 2) U(1) U(1)R
q 1 N
2
N
N+2
q 1 −N
2
N
N+2
M 1 0 4
N+2
(8.30)
The dual theory has a superpotential
W =
1
µ
Mφφ . (8.31)
35As usual only the R-charge of the scalar component is given, and R[fermion] =
R[scalar]− 1.
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As we have seen in section 6.6, giving a mass to one flavor in the correspond-
ing SUSY QCD theory produces a dual squark vev
〈φFφF 〉 = −µm , (8.32)
which completely breaks the SU(2) gauge group.
The spectrum of the low-energy effective theory36 is:
SU(N + 1) SU(N + 1) U(1) U(1)R
q′ 1 N N
N+1
q′ 1 −N N
N+1
M ′ 0 2
N+1
(8.33)
Comparing with the confined spectrum (8.28) we see that we should identify
q′i = cBi , (8.34)
q′j = cBj , (8.35)
where c and c are some constant re-scalings.
After integrating out the massive gauge singlet fields the remnant of the
tree-level dual superpotential is
Wtree =
cc
µ
BiM ′ji Bj . (8.36)
Since we have completely broken the dual gauge group we expect that
instantons will generate extra terms in the superpotential. Indeed one finds:
Winst. =
Λ˜b˜N,N+2
〈φFφF 〉
det
(
M ′
µ
)
, (8.37)
= −Λ˜
4−N
N,N+2
m
detM ′
µN+2
. (8.38)
where Λ˜ is the intrinsic holomorphic scale of the dual gauge theory. A sim-
ple way to verify that this superpotential is generated by instantons is to
check that the corresponding interaction between two fermion components
of M (the mesinos) and N − 1 mesons is actually generated. The instanton
contribution to this interaction can be seen in Figure 4.
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N−1
Figure 4: Instanton contribution to the interaction between two mesinos
(external straight lines) and N − 1 mesons (dash-dot lines). The instanton
has 4 gaugino legs (internal wavy lines) and N + 2 quark and anti-quark
legs (internal straight lines). A squark VEV and an anti-squark VEV are
shown (dashed line with cross) gives a mass to a quark and a gaugino or a
anti-quark and gaugino, however they can be arbitrarily many insertions of
these VEVs which must be re-summed.
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So the effective superpotential agrees with the result for F −N +1 flavors
(8.27):
Weff =
1
Λ2N−1
[
BiM ′ji Bj − detM ′
]
, (8.39)
if and only if
cc =
µ
Λ2N−1
, (8.40)
Λ˜4−NN,N+2
µN+2m
=
1
Λ2N−1
. (8.41)
The second relation (8.41) actually follows from a more general relation
Λ˜3N˜−FΛ3N−F = (−1)F−NµF . (8.42)
To see why this relation is true consider generic values of 〈M〉 in the dual of
SUSY QCD. All the dual quarks are massive, so we have a pure SU(F −N)
gauge theory. The intrinsic scale of the dual low-energy effective theory is
given by matching:
Λ˜3N˜L = Λ˜
3N˜−Fdet
(
M
µ
)
. (8.43)
This theory undergoes gaugino condensation, and as we have seen the effec-
tive superpotential is:
WL = N˜ Λ˜
3
L (8.44)
= (F −N)
Λ˜3N˜−FdetM
µ
 1F−N (8.45)
= (N − F )
(
Λ3N−F
detM
) 1
N−F
, (8.46)
where we have used equation (8.42). Adding a mass term mijM
j
i gives:
M ji = (m
−1)ji
(
detmΛ3N−F
) 1
N , (8.47)
36That is after integrating out the gauge singlet fields which are massive.
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which we have already seen is the correct result.
If we consider the dual of the dual37 of SUSY QCD then (with the as-
sumption that (
˜˜
Λ = Λ) equation (8.42) implies
Λ3N−F Λ˜3N˜−F = (−1)F−N˜ µ˜F . (8.48)
So, since F − N˜ = N , we must have for consistency
µ˜ = −µ . (8.49)
If we write the composite meson of the dual quarks as:
N ij ≡ φiφj , (8.50)
and the dual-dual squarks as d, then the superpotential of the dual of the
dual is
Wdd =
N ji
µ˜
d
i
dj +
M ij
µ
N ji . (8.51)
The equations of motion give
∂W
∂M ij
=
1
µ
N ji = 0 (8.52)
∂W
∂N ji
=
1
µ˜
d
i
dj +
1
µ
M ij = 0 (8.53)
So, since µ˜ = −µ, we can identify the original squarks with the dual-dual
squarks:
Φj = dj . (8.54)
Plugging the solution (8.52) back into the dual-dual superpotential (8.51) we
find that it vanishes and we conclude that the dual of the dual of SUSY QCD
is just SUSY QCD.
9 Duality for SO(N)
Dualities for SO(N) theories have also been found [52], and they exhibit
some interesting new features since they can be non-screening if there are no
spinor representations. Also there are massless composites made of squarks
and gluinos.
37Which has F − N˜ = N colors.
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9.1 The SO(N) Theories and Their Classical Moduli
Spaces
An SO(N) gauge theory with F quarks in the vector representation has a
global SU(F )× U(1)R symmetry as follows:
SO(N) SU(F ) U(1)R
Q F+2−N
F
(9.1)
Since there are no dynamical spinors in this theory, static spinor sources
cannot be screened, so there is a distinction between area-law confining and
Higgs phases.
Recall that the adjoint of SO(N) is the two-index antisymmetric tensor.
For odd N , there is one spinor representation, while for even N there are two
in-equivalent spinors. For N = 4k the spinors are self-conjugate, while for
N = 4k+2 the two spinors are complex conjugates. The simplest irreducible
representations are summarized in the following two tables.
SO(2N + 1)
Irrep d(r) 2T (r)
2N + 1 2
S 2N 2N−2
N(2N + 1) 4N − 2
(N + 1)(2N + 1)− 1 4N + 6
(9.2)
SO(2N)
Irrep d(r) 2T (r)
2N 2
S 2N−1 2N−3
S¯, (S ′) 2N−1 2N−3
N(2N − 1) 4N − 4
N(2N + 1)− 1 4N + 4
The one-loop β function coefficient for N > 4 is
b = 3(N − 2)− F . (9.3)
72
Solving the D-flatness conditions one finds that up to flavor transforma-
tions, the classical vacua for F < N are given by
〈Φ〉 =

v1
. . .
vF
0 . . . 0
...
...
0 . . . 0

. (9.4)
At a generic point in the classical moduli space the SO(N) gauge symmetry
is broken broken to SO(N−F ) and there are NF −N(N−1)+(N−F )(N−
F − 1) massless chiral supermultiplets. For F ≥ N the vacua are:
〈Φ〉 =

v1 0 . . . 0
. . .
...
...
vN 0 . . . 0
 . (9.5)
At a generic point in the moduli space the SO(N) gauge symmetry is broken
completely and there are NF − N(N − 1) massless chiral supermultiplets.
We can describe these light degrees of freedom in a gauge invariant way by
scalar “meson” and (for F ≥ N) “baryon” fields and their superpartners:
Mji = ΦjΦi , (9.6)
B[i1,...,iN ] = Φ[i1 . . .ΦiN ] , (9.7)
where [ ] denotes antisymmetrization.
Up to flavor transformations the moduli space is described by:
〈M〉 =

v21
. . .
v2N
0
. . .
0

, (9.8)
〈B1,...,N〉 = v1 . . . vN , (9.9)
(9.10)
with all other components set to zero. The rank of M is at most N . If the
rank of M is N , then B = ±
√
det′M , where det′ is the product of non-zero
eigenvalues.
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9.2 The Dynamical Superpotential for F < N − 2
To construct the effective superpotential we should look at how the chiral
superfields transform under the anomalous axial U(1)A.
U(1)A U(1)R
W a 0 1
Λb 2F 0
detM 2F 2(F + 2−N)
(9.11)
So we see it is possible to generate a dynamical superpotential (the analogue
of the ADS superpotential for SU(N)):
Wdyn = cN,F
(
Λb
detM
) 1
N−2−F
, (9.12)
for F < N − 2.
9.3 Duality
For F ≥ 3(N − 2) we lose asymptotic freedom, so the theory can be under-
stood as a weakly coupled low-energy effective theory. For F just below 3N
we have an infrared fixed point.
A solution to the anomaly matching for F > N − 2 is given by:
SO(F −N + 4) SU(F ) U(1)R
q N−2
F
M 1 2(F+2−N)
F
For N > N − 3 this theory admits a unique superpotential:
W =
Mji
2µ
φjφi . (9.13)
The dual theory also has baryon operators:
B˜[i1,...,iN˜ ] = φ[i1 . . . φiN˜ ] . (9.14)
There are additional hybrid “baryon” operators in both theories since the
adjoint is an antisymmetric tensor. In the original SO(N) theory we have:
h[i1,...,iN−4] = W
2
αΦ[i1 . . .ΦiN−4]
H[i1,...,iN−2]α = WαΦ[i1 . . .ΦiN−4] . (9.15)
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While in the dual theory we have:
h˜
[i1,...,i
N˜−4
]
= W˜ 2αφ
[i1 . . . φ
i
N˜−4
]
H˜
[i1,...,i
N˜−2
]
α = W˜αφ
[i1 . . . φ
i
N˜−4
]
. (9.16)
The two theories thus have a mapping of mesons, baryons, and hybrids:
M ↔M
Bi1,...,iN ↔ ǫi1,...,iF h˜i1,...,iN˜−4
hi1,...,iN−4 ↔ ǫi1,...,iF B˜i1,...,iN˜
H [i1,...,iN−2]α ↔ ǫi1,...,iF H˜
[i1,...,i
N˜−2
]
α . (9.17)
The dual β function is
β(g˜) ∝ −g˜3(3(N˜ − 2)− F ) = −g˜3(2F − 3(N − 2)) . (9.18)
So the dual theory loses asymptotic freedom when F ≤ 3(N − 2)/2. When
F = 3N˜ − ǫN˜ , (9.19)
there is a perturbative IR fixed point in the dual theory. One can check
that the exact β function vanishes in this range using the relation between
dimensions and R charges in a superconformal theory. So we have found that
SO(N) with F vectors has an interacting IR fixed point for 3(N − 2)/2 <
F < 3(N − 2).
For N − 2 ≤ F ≤ 3(N − 2)/2 the IR fixed point of the dual theory is
trivial and we find in the IR free massless composite gauge bosons, quarks,
mesons, and their superpartners.
One can check that adding a mass term in the original theory and the
corresponding linear meson term in the dual theory leads to the correct re-
duction of flavors and dual colors.
9.4 Some Special Cases
For F ≤ N − 5, SO(N) breaks to SO(N − F ) ⊃ SO(5), which undergoes
gaugino condensation and produces the dynamical superpotential:
Wdyn ∝ 〈λλ〉 ∝
(
16Λ3(N−2)−F
detM
) 1
N−2−F
. (9.20)
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For F = N − 4, SO(N) breaks to SO(4) ∼ SU(2)L × SU(2)R, so there
are two gaugino condensates
Wcondensate = 2〈λλ〉L + 2〈λλ〉R = 1
2
(ǫL + ǫR)
(
16Λ2N−1
detM
) 1
2
, (9.21)
where
ǫs = ±1 . (9.22)
So there are four vacua corresponding to two physically distinct branches:
one with (ǫL + ǫR) = ±2 and the other with (ǫL + ǫR) = 0. The first
branch has runaway vacua, while the second has a quantum moduli space. At
M = 0, the composite M satisfies the ‘t Hooft anomaly matching conditions.
One can check that this only happens for F = N − 4. So we have another
example of confinement without chiral symmetry breaking, this time without
any baryons. Integrating out a flavor on the first branch gives the correct
runaway vacua of the previous case (F +N − 5), while on the second branch
we find no supersymmetric vacua after integrating out a flavor, which is a
consistency check.
For F = N−3, SO(N) breaks to SO(4) ∼ SU(2)L×SU(2)R, which then
breaks to SU(2)d ∼ SO(3) so there are instanton effects (since Π3(G/H) =
Π3(SU(2)) = Z) and gaugino condensation
Wcondensate = 4(1 + ǫ)
Λ2N−3
detM
, (9.23)
where
ǫ = ±1 , (9.24)
corresponding to the two phases of the gaugino condensate. So there are two
physically distinct branches: one with ǫ = 1 and the other with ǫ = −1.
The first has runaway vacua, while the second has a quantum moduli space.
Integrating out a flavor, we would need to find two branches again, soW 6= 0
even on the second branch. For this to be true we must have some other fields
that interact with M . We also know that M does not match the anomalies
by itself. The solution of the anomaly matching is given by:
SU(F ) U(1)R
q N−2
F
M 2(F+2−N)
F
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The most general superpotential is
W =
1
2µ
Mqqf
(
detMMqq
Λ2N−2
)
, (9.25)
where f(t) is an unspecified function. Adding a mass term gives
qF = ±iv , (9.26)
which gives us the correct number of ground states. Note that the operator
mapping must be:
q ↔ h = QN−4WαW α , (9.27)
which is a hybrid operator. For N = 4 this is a gluino-ball. This is an
example of confinement without chiral symmetry breaking with hybrids.
Starting with the F = N dual which has an SO(4) gauge group, and
integrating out a flavor there will be instanton effects when we break to
SO(3) so the dual superpotential is modified in the case F = N − 1:
W =
Mji
2µ
φjφi − 1
64Λ2N−5
detM . (9.28)
For F = N−2 we see in the original theory that we can generically break
to SO(2), while in the dual we also break so SO(2) ∼ U(1). This case needs
a separate treatment [52].
10 Sp(2N) and Chiral Theories
10.1 Duality for Sp(2N)
An Sp(2N) gauge theory38 with 2F quarks (F flavors) in the fundamental
representation has a global SU(2F )× U(1)R symmetry as follows:
Sp(2N) SU(2F ) U(1)R
Q F−1−N
F
(10.1)
Recall that the adjoint of Sp(2N) is the two-index symmetric tensor. The
simplest irreducible representations are summarized in the following table.
38We’ll use the notation that Sp(2) ∼ SU(2).
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Irrep d(r) T (r)
2N 1
N(2N − 1)− 1 2N − 2
N(2N + 1) 2N + 2
N(2N−1)(2N−2)
3
− 2N (2N−3)(2N−2)
2
− 1
N(2N+1)(2N+2)
3
(2N+2)(2N+3)
2
2N(2N−1)(2N+1)
3
− 2N (2N)2 − 4
(10.2)
The one-loop β function coefficient for N > 4 is
b = 3(2N + 2)− 2F . (10.3)
The moduli space is parameterized by a “meson”
Mji = ΦjΦi , (10.4)
which is antisymmetric in the flavor indices i, j.
The holomorphic intrinsic scale (spurion) and the flavor singlet chiral
superfield transform under the global symmetry as:
U(1)A U(1)R
Λb/2 2F 0
PfM 2F 2(F − 1−N)
(10.5)
Where the Pfaffian of a 2F × 2F matrix M is given by
PfM = ǫi1...i2FMi1i2 . . .Mi2F−1i2F . (10.6)
So we see it is possible to generate a dynamical superpotential
Wdyn ∝
 Λ b2
PfM
 1N+1−F , (10.7)
for F < N + 1. For F = N + 1 one finds confinement with chiral symmetry
breaking
PfM = Λ2(N+1) . (10.8)
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For F = N +2 one finds confinement without chiral symmetry breaking with
a superpotential:
W = PfM . (10.9)
A solution to the anomaly matching for F > N − 2 is given by:
Sp(2(F −N − 2)) SU(2F ) U(1)R
q N+1
F
M 1 2(F+2−N)
F
This dual theory admits a unique superpotential:
W =
Mji
µ
φjφi . (10.10)
For 3(N + 1)/2 < F < 3(N + 1) we have an IR point. For N + 3 ≤ F ≤
3(N + 1)/2 the dual is IR free and the low energy theory is made up of
quarks, gluons, mesons, and their superpartners. A complete discussion of
Sp(N) theories with fundamentals is given in [53].
10.2 Why Chiral Gauge Theories are Interesting
We would eventually like to use non-perturbative methods like duality for
understanding SUSY gauge theories that dynamical break SUSY. Usually
vector-like gauge theories don’t break SUSY, while chiral gauge theories can.
If a theory is vector-like we can give masses to all the matter fields. If these
masses are large we have a pure gauge theory that has gaugino condensation
but no SUSY breaking. By Witten’s index argument [26] we can vary the
mass but the number of bosonic minus fermionic vacua doesn’t change. If
taking the mass to zero does not move some vacua in from or out to infinity,
then the massless theory has the same number of vacua, and SUSY is not
broken.
As our first example of a chiral gauge theory consider
SU(N) SU(N + 4)
Q
T 1
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I will not write down the charges under the two global U(1)’s. This theory
is dual to [54]
SO(8) SU(N + 4)
q
p S 1
U ∼ detT 1 1
M ∼ QTQ 1
with a superpotential
W = Mqq + Upp . (10.11)
This theory is vector-like! The dual β function coefficient is:
b = 3(8− 2)− (N + 4)− 1 = 13−N . (10.12)
So the dual is IR free for N > 13.
11 S-Confinement
We need some semi-systematic way to survey chiral gauge theories. One
way to do this is to generalize well understood dual descriptions. The sim-
plest of these is confinement without chiral symmetry breaking in SU(N)
with N + 1 flavors. Recall (from section 8.1) the confined description had a
superpotential
W =
1
Λ2N−1
(
detM − BMB
)
. (11.13)
The crucial features of this description were that since there was no chiral
symmetry breaking and that the meson-baryon description was valid over the
whole moduli space. That is, there was a smooth description with no phase-
transitions. This is because the theory obeyed complementarity [49,50], since
every static source could be screened by squarks. To generalize this we will
need to have fields that are fundamentals of SU or Sp and spinors of SO.
We will only consider theories that have a superpotential in the confined
description. This requirement gives us an index constraint. Theories that
satisfy these conditions are called s-confining [51].
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Consider a gauge theory with one gauge group and arbitrary matter fields.
Choose an anomaly free U(1)R such that φi that transforms in the represen-
tation ri of the gauge group and has R-charge q while all other fields have
zero charge. The charge q is determined by anomaly cancellation:
0 = (q − 1)T (ri) + T (Ad)−
∑
j 6=i
T (rj) (11.14)
= qT (ri) + T (Ad)−
∑
j
T (rj) . (11.15)
Since we can do this for any field, and for each choice the superpotential has
R-charge 2, we have
W ∝ Λ3
Πi
(
φi
Λ
)T (ri)2/(
∑
j
T (rj)−T (Ad))
. (11.16)
There may in general be a sum of terms corresponding to different contrac-
tions of gauge indices. Requiring that this superpotential be holomorphic
at the origin means there should be integer powers of the composite fields,
which implies integer powers of the fundamental fields. Unless all the T (ri)
have a common divisor we must have∑
j
T (rj)− T (Ad) = 1 or 2 for SO or Sp
2(
∑
j
T (rj)− T (Ad)) = 1 or 2 for SU . (11.17)
The differing cases come from the different conventions for normalizing gen-
erators, for SO and Sp we have T ( ) = 1, while for SU we have T ( ) = 1/2.
Anomaly cancellation for SU and Sp require that the left hand side be even.
This condition is necessary for s-confinement, but not sufficient. One has
to check explicitly (by exploring the moduli space, as discussed below) that
for SO none of the candidate theories where the sum is 2 turn out to be
s-confining. Thus we have
∑
j
T (rj)− T (Ad) =
{
1 for SU or SO
2 for Sp
. (11.18)
This condition gives a finite list of candidate s-confining theories.
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We can check whether candidate theories that satisfy the index constraint
really are s-confining by going out in moduli space. Generically we break
to theories with smaller gauge groups and singlet fields that decouple in the
infrared. If the smaller gauge theory is not s-confining the the original theory
was not s-confining. Alternatively if we have an s-confining theory and we go
out in moduli space we must end up with another s-confining theory. Using
these checks one can go through the list of candidates. For SU one finds
that the following theories are the only ones that satisfy the conditions for
s-confinement.
SU(N) (N + 1)( + )
SU(N) +N + 4
SU(N) + + 3( + )
SU(5) 3
(
+
)
SU(5) 2 + 2 + 4
SU(6) 2 + 5 +
SU(6) + 4( + )
SU(7) 2
(
+ 3
)
. (11.19)
Let’s consider the special case:
SU(2N + 1) SU(4) SU(2N + 1) U(1)1 U(1)2 U(1)R
A 1 1 0 2N + 5 0
Q 1 4 −2N + 1 0
Q 1 −2N − 1 −2N + 1 1
2
(11.20)
This theory has a confined description in terms of the following composite
fields:
SU(4) SU(2N + 1) U(1)1 U(1)2 U(1)R
QQ 3− 2N −4N + 2 1
2
AQ
2
1 8 −2N + 7 0
ANQ 1 −2N − 1 2N2 + 3N + 1 1
2
AN−1Q3 1 −6N − 3 2N2 − 3N − 2 3
2
Q
2N+1
1 1 4(2N + 1) −4N2 + 1 0
(11.21)
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with a superpotential
W =
1
Λ2N
[
(ANQ)(QQ)3(AQ
2
)N−1 + (AN−1Q3)(QQ)(AQ
2
)N
+(Q
2N+1
)(ANQ)(AN−1Q3)
]
. (11.22)
One can check that the equations of motion reproduce the classical con-
straints, and that integrating out a flavor gives confinement with chiral sym-
metry breaking.
12 Deconfinement
Given that we can find confined descriptions of certain SUSY gauge theories,
we can also reverse engineer a dual description of a given theory where some
of the fields correspond to mesons or baryons of the dual description. Such
a procedure is referred to as “deconfinement” [55].
Consider the SU(N) gauge theory with an antisymmetric tensor [56,57]
for odd N theory with F ≥ 5 flavors:
SU(N) SU(F ) SU(N + F − 4) U(1)1 U(1)2 U(1)R
A 1 1 0 −2F −12
N
Q 1 1 N − F 2− 6
N
Q 1 −F
N+F−4
F 6
N
We can find a dual description of this theory by taking A to be a composite
meson of a s-confining Sp theory
SU(N) Sp(N − 3) SU(F ) SU(N + F − 4) U(1)1 U(1)2 U(1)R
Y 1 1 0 −F −6
N
Z 1 1 1 0 FN 8
P 1 1 1 0 F (1−N) 6− 6
N
Q 1 1 1 N − F 2− 6
N
Q 1 1 −F
N+F−4
F 6
N
(12.23)
with a superpotential
W = Y ZP . (12.24)
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The SU(N) group has N+F−3 flavors so we can using our standard duality:
to find another dual:
SU(F − 3) Sp(N − 3) SU(F ) SU(N + F − 4)
y 1 1
p 1 1 1
q 1 1
q 1 1
M 1 1
L 1 1
B 1 1 1
(12.25)
with
W =Mqq +Bqp+ Lyq . (12.26)
But Sp(N − 3) with N + 2F − 7 fundamentals has an Sp(2F − 8) dual:
SU(F − 3) Sp(2F − 8) SU(F ) SU(N + F − 4)
y˜ 1 1
p 1 1 1
q 1 1
q 1 1
M 1 1
l 1 1
B 1 1 1
a 1 1 1
H 1 1 1
(Ly) 1 1
(12.27)
with
W = ay˜y˜ +Hll + (Ly)ly˜ +Mqq +Bqp+ (Ly)q , (12.28)
which, after integrating out (Ly) and q becomes
W = ay˜y˜ +Hll +Mqly˜ +Bqp . (12.29)
With F = 5 we have a gauge group SU(2)×SU(2) and one can show (using
the fact that gauge invariant scalar operators have dimensions larger than
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or equal to one) that for N > 11 this theory has an IR fixed point [57].
One can also show that some of the fields are IR free. Integrating out one
flavor completely breaks the gauge group and the light degrees of freedom
are just the composites of the s-confining description discussed at the end of
section 11. With the other dual descriptions we would have to discuss strong
interaction effects to see that we get the correct confined description.
13 Gauge Mediation
The basic idea of gauge mediation39 as proposed40 by Dine, Nelson, Nir, and
Shirman[60] is that there are three sectors in the theory, a dynamical SUSY
breaking sector, a messenger sector, and the Minimal Supersymmetric Stan-
dard Model (MSSM). SUSY breaking is communicated to the messenger sec-
tor so that the messengers have a SUSY breaking spectrum. They also have
standard model gauge interactions, which then communicate SUSY break-
ing to the ordinary superpartners. This mechanism has the great advantage
that since the gauge interactions are flavor blind it does not introduce flavor
changing neutral currents which are an enormous problem for supergravity
mediation models.
13.1 Messengers of SUSY breaking
We will first consider a model with Nf messengers φi, φi and a Goldstino
multiplet X with an expectation value:
〈X〉 = M + θ2F , (13.1)
so the scale of SUSY breaking is set by
√
F . The Goldstino is coupled to the
messenger fields via a superpotential
W = Xφiφi . (13.2)
In order to preserve gauge unification, φi and φi should form complete Grand
Unified Theory (GUT) multiplets. The existence of the messengers shifts the
coupling at the GUT scale, µGUT, relative to that in the MSSM by
δα−1GUT = −
Nm
2π
ln
(
µGUT
M
)
, (13.3)
39For an excellent review see [58].
40For early work along these lines see ref. [59].
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where
Nm =
Nf∑
i=1
2T (ri) . (13.4)
For the unification to remain perturbative we need
Nm <
150
ln
(
µGUT
M
) . (13.5)
The VEV of X gives each messenger fermion a mass M , and the scalars
squared masses equal to M2 ± F . We will be interested in the case that
F ≪M2.
We can construct an effective theory by integrating out the messengers.
At one-loop this gives a mass to the gauginos41 of order
Mλi ∼ αi
4π
F
M
. (13.6)
At two-loop order one finds squared masses for squarks and sleptons of order
M2s ∼
∑
i
(
αi
4π
F
M
)2
, (13.7)
the sum indicates that there are contributions from all the gauge interac-
tions that the scalar couples to. This is very nice since the squark and
slepton masses turn out to be of the same order as the gaugino masses,
however doing two-loop calculations is quite tedious. Fortunately since we
are only interested in the finite parts of two-loop graphs, there is a simple
method for doing these calculations using the renormalization group (RG)
and holomorphy [58,61].
13.2 RG Calculation of Soft Masses
Below the mass scale of the messengers we can integrate them out and write
the pure gauge part of the Lagrangian as:
LG = − i
16π
∫
d2θ τ(X,µ)W αWα , (13.8)
41The super-partners of the the standard model gauge bosons.
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where the effects of the messengers are included through their effects on the
one-loop running of the holomorphic gauge coupling. Taylor expanding in
the F component of X we find a gaugino mass given by
Mλ =
i
2τ
∂τ
∂X
|X=MF
=
i
2
∂ ln τ
∂ lnX
|X=M F
M
. (13.9)
The holomorphic coupling is given by
τ(X,µ) = τ(µ0) + i
b′
2π
ln
(
X
µ0
)
+ i
b
2π
ln
(
µ
X
)
, (13.10)
where, as usual, b′ is the β function coefficient of the theory including the
messenger fields and b is the β function coefficient in the effective theory (i.e.
the MSSM) below the mass scale of the messengers. These two coefficients
are related by:
b′ = b−Nm . (13.11)
So the gaugino mass is simply given by
Mλ =
α(µ)
4π
Nm
F
M
. (13.12)
Note that in the MSSM, where we have three gauginos, the ratio of the
gaugino mass to the gauge coupling is universal:
Mλ1
α1
=
Mλ2
α2
=
Mλ3
α3
= Nm
F
M
. (13.13)
This type of relation was originally found in supergravity mediation models
and, at the time, was thought to be a signature of such models.
Next consider the wavefunction renormalization for the matter fields of
the MSSM:
L =
∫
d4θ Z(X,X†)Q′†Q′ , (13.14)
where Z must be real and the superscript ′ is meant to indicate that we have
not yet canonically normalized the field. Taylor expanding in the superspace
coordinate θ we have
L =
∫
d4θ
(
Z +
∂Z
∂X
Fθ2 +
∂Z
∂X†
F †θ†2 +
∂2Z
∂X∂X†
Fθ2F †θ†2
)
|X=MQ′†Q′ .
(13.15)
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Canonically normalizing we have:
Q = Z1/2
(
1 +
∂Z
∂X
Fθ2
)
|X=MQ′ , (13.16)
so
L =
∫
d4θ
[
1−
(
∂ lnZ
∂X
∂ lnZ
∂X†
− 1
Z
∂2Z
∂X∂X†
)
Fθ2F †θ†2
]
|X=MQ†Q.(13.17)
Thus we have a sfermion mass term:
m2Q = −
∂2 lnZ
∂ lnX∂ lnX†
|X=M FF
†
MM †
. (13.18)
Rescaling the matter fields also introduces an A term in the effective potential
from Taylor expanding the superpotential:
Z−1/2
∂ lnZ
∂X
|X=MFQ ∂W
∂Z−1/2Q
, (13.19)
which is suppressed by a Yukawa coupling. To calculate Z, we do a super-
symmetric calculation and replace M by
√
XX†. At l loops an RG analysis
gives
lnZ = α(µ0)
l−1f(α(µ0)L0, α(µ0)LX) , (13.20)
where
L0 = ln
(
µ2
µ20
)
, (13.21)
LX = ln
(
µ2
XX†
)
, (13.22)
so
∂2 lnZ
∂ lnX∂ lnX†
= α(µ)l+1h(α(µ)LX) . (13.23)
Thus the two-loop scalar masses are determined by a one-loop RG equation.
At one-loop we have
d lnZ
d lnµ
=
C2(r)
π
α(µ) , (13.24)
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so
Z(µ) = Z0
(
α(µ0)
α(X)
) 2C2(r)
b′
(
α(X)
α(µ)
) 2C2(r)
b
, (13.25)
where
α−1(X) = α−1(µ0) +
b′
4π
ln
(
XX†
µ20
)
, (13.26)
α−1(µ) = α−1(X) +
b
4π
ln
(
µ2
XX†
)
. (13.27)
So we finally obtain
m2Q = 2C2(r)
α(µ)2
16π2
Nm
(
ξ2 +
Nm
b
(1− ξ2)
)(
F
M
)2
, (13.28)
where
ξ =
1
1 + b
2pi
α(µ) ln M
µ
. (13.29)
What is particularly impressive about this calculation [58,61] is that a two-
loop result is obtained from a one-loop calculation.
13.3 Gauge Mediation and the µ Problem
Recall that in order to obtain a viable mass spectrum for the electroweak
sector in the MSSM, the two Higgs doublets, Hu and Hd, needed two types
of masses terms: a supersymmetric µ term:
W = µHuHd , (13.30)
and a soft SUSY-breaking b term:
V = bHuHd , (13.31)
with a peculiar relation between these two seemingly unrelated parameters
b ∼ µ2 . (13.32)
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In gauge mediated models we need to be of the same order as the squark and
slepton masses:
µ ∼ 1
16π2
F
M
. (13.33)
If we introduce a coupling of the Higgses to the SUSY breaking field X,
W = λXHuHd , (13.34)
(13.35)
we get
µ = λM , (13.36)
b = λF ∼ 16π2µ2 , (13.37)
so b is much too large for this type of model to be viable.
A more indirect coupling
W = X(λ1φ1φ1 + λ2φ2φ2)λHuφ1φ2 + λHdφ1φ2 , (13.38)
yields a one-loop correction to the effective Lagrangian:
∆L =
∫
d4θ
λλ
16π2
f(λ1/λ2)HuHd
X
X†
. (13.39)
This unfortunately still gives the same, non-viable, ratio for b/µ2.
The correct ratio can be arranged with the introduction of two additional
singlet fields S and N :
W = S(λ1HuHd + λ2N
2 + λφφ−M2N ) +Xφφ , (13.40)
then
µ = λ1〈S〉 , (13.41)
b = λ1FS . (13.42)
A VEV for S is generated at one loop
〈S〉 ∼ 1
16π2
F 2X
MM2N
, (13.43)
but FS is only generated at two loops:
FS ∼ 1
(16π2)2
F 2X
M2
∼ 1
16π2
µ
M2N
M
. (13.44)
Thus we can obtain b ∼ µ2 provided that we arrange for M2N ∼ FX . So it
seems that somewhat elaborate models are needed to solve the µ problem in
the gauge mediated scenario.
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14 Dynamical SUSY Breaking
Non-perturbative SUSY techniques can be used to understand how to dynam-
ically break gauge symmetries (like the the GUT symmetry of the electroweak
gauge symmetry of the standard model), however the most important appli-
cation is to break SUSY itself. We would like to have a theory of dynamical
breaking so that the SUSY breaking scale can be naturally much smaller
than the Planck or string scale without fine-tuning the ratio of these scales
by hand42. This is what naturally happens in asymptotically free gauge
theories since the coupling at high energies can be perturbative and slowly
running and then get strong at some much lower scale. This is just what
happens in QCD: the coupling is perturbative near the (putative) unification
scale, but gets strong in the IR, producing a large but natural ratio between
the GUT scale and the proton mass.
14.1 A Rule of Thumb for SUSY Breaking
A theory that has no flat directions and spontaneously breaks a continuous
global symmetry generally breaks SUSY [63,65]. This is because there must
be a Goldstone boson (which has no interactions in the potential), and by
SUSY it must have a scalar partner (a modulus), but if there are no flat
directions this is impossible. (Unless the modulus is also a Goldstone bo-
son.) In the early days people looked for theories that had no classical flat
directions (assuming that quantum corrections would not cancel the classical
potential) and tried to make them break global symmetries in the perturba-
tive regime. This method produced a handful of dynamical SUSY breaking
theories. With duality we can find many examples of dynamical SUSY break-
ing. An important twist is that we will find that non-perturbative quantum
effects can lift flat directions both at the origin of moduli space as well as for
large VEVs.
14.2 The 3-2 Model
In the mid 1980s, Affleck, Dine, and Seiberg [65] found the simplest known
model of dynamical SUSY breaking. Their model has a gauge group SU(3)×
42For an excellent review see [62].
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SU(2) and two global U(1) symmetries with the following chiral supermul-
tiplets:
SU(3) SU(2) U(1) U(1)R
Q 1/3 1
L 1 −1 −3
U 1 −4/3 −8
D 1 2/3 4
(14.1)
I will write Q = (U,D), and denote the intrinsic scales of the two gauge
groups by Λ3 and Λ2 respectively. For Λ3 ≫ Λ2 (that is when the SU(3)
interactions are much stronger than the SU(2) interactions), instantons give
the standard Affleck-Dine-Seiberg superpotential:
Wdyn =
Λ73
det(QQ)
, (14.2)
which has a runaway vacuum. Adding a tree-level trilinear term to the
superpotential
W =
Λ73
det(QQ)
+ λQD¯L , (14.3)
removes the classical flat directions and produces a stable minimum for the
potential. Since the vacuum is driven away from the point where the VEVs
vanish by the dynamical ADS potential (14.2), the global U(1) symmetries
are broken and we expect (by the rule of thumb described above) that SUSY
is broken.
The L equation of motion
∂W
∂Lα
= λǫαβQmαD
m
= 0 , (14.4)
tries to set detQQ to zero since
detQQ = det
(
UQ1 UQ2
DQ1 DQ2
)
= U
m
QmαD
n
Qnβǫ
αβ . (14.5)
Thus the potential can’t have a zero-energy minimum since the dynamical
term blows up at detQQ=0. Therefore SUSY is indeed broken.
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We can crudely estimate the vacuum energy for by taking all the VEVs
to be of order φ. For φ ≫ Λ3 and λ ≪ 1 we are in a perturbative regime.
The potential is then given by
V = |∂W
∂Q
|2 + |∂W
∂U
|2 + |∂W
∂D
|2 + |∂W
∂L
|2 (14.6)
≈ Λ
14
3
φ10
+ λ
Λ73
φ3
+ λ2φ4 , (14.7)
where in the last line we have dropped the numerical factors since we are
only interested in the scaling behavior of the solution. This potential has a
minimum near
〈φ〉 ≈ Λ3
λ
1
7
, (14.8)
so we see that this solution is self-consistent: the vacuum is weakly coupled
for small λ since this ensures that φ ≫ Λ3. Plugging the solution back into
the potential (14.7) we find the vacuum energy is of order
V ≈ λ 107 Λ43 , (14.9)
which vanishes as λ or Λ go to zero, as it must.
Using duality Intriligator and Thomas [66] showed that we can also under-
stand the case where Λ2 ≫ Λ3 and supersymmetry is broken non-perturbatively.
The SU(2) gauge group has 4 doublets which is equivalent to 2 flavors, so we
have confinement with chiral symmetry breaking. The SU(3) gauge group
has two flavors and is completely broken for generic VEVs. It is simpler to
consider SU(2) as an SU group rather than an Sp group, so we write the
gauge invariant composites as mesons and baryons:
M ∼
(
LQ1 LQ2
Q3Q1 Q3Q2
)
,
B ∼ Q1Q2 ,
B¯ ∼ Q3L .
(14.10)
In this notation the effective superpotential is
W = X
(
detM − BB − Λ42
)
+ λ
(
2∑
i=1
M1iD
i
+BD
3
)
, (14.11)
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where X is a Lagrange multiplier field that imposes the constraint for con-
finement with chiral symmetry breaking. The D equations of motion try to
force M1i and B to zero while the constraint means that at least one of M11,
M12, or B is non-zero, so we see that SUSY is broken at tree-level in the dual
(confined) description. We can estimate the vacuum energy as
V ≈ λ2Λ42 . (14.12)
Comparing the vacuum energies in the two cases we see that the SU(3)
interactions dominate when Λ3 ≫ λ 17Λ2.
Without making the approximation that one gauge group is much stronger
than the other we should consider the full superpotential
W = A
(
detM −BB¯ − Λ42
)
+
Λ73
det(QQ)
+ λQD¯L , (14.13)
which still breaks SUSY, although the analysis is more complicated.
14.3 The SU(5) Model
Another simple model analyzed by Affleck, Dine, and Seiberg [63] as well
as Meurice and Veneziano [64] is SU(5) with matter content + , that is
an antifundamental and an antisymmetric tensor representation. This chiral
gauge theory has no classical flat directions, since there are no gauge invariant
operators that we can write down. Affleck, Dine, and Seiberg tried to match
the anomalies in order to find a confined description but found only “bizarre”,
“implausible” solutions. This lead to the belief that the at least one of the
global U(1) symmetries was broken and that therefore SUSY was broken
(using the rule of thumb described earlier). Adding extra flavors ( + )
with masses Murayama [67] showed that SUSY is broken, but taking the
masses to∞ takes the theory to a strongly coupled regime, so the possibility
remained that non-perturbative effects induced some phase transition as the
mass was varied. With duality arguments Pouliot [68] showed that SUSY is
indeed broken at strong coupling.
The simplest way to see SUSY breaking is to consider the case that where
there are enough flavors that the theory s-confines. Csaki, Schmaltz, and
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Skiba[51] showed that with four flavors
SU(5) SU(4) SU(5) U(1)1 U(1)2 U(1)R
A 1 1 0 9 0
Q 1 4 −3 0
Q 1 −5 −3 1
2
(14.14)
the theory s-confines. To simplify the notation, rather than introducing
new symbols for each color-singlet composite I will simply label it by it’s
constituents between parenthesis. Thus the meson is denoted by (QQ). The
spectrum of massless composites is:
SU(4) SU(5) U(1)1 U(1)2 U(1)R
(QQ) −1 −6 1
2
(AQ
2
) 1 8 3 0
(A2Q) 1 −5 15 1
2
(AQ3) 1 −15 0 3
2
(Q
5
) 1 1 20 −15 0
(14.15)
with a superpotential
Wdyn =
1
Λ9
[
(A2Q)(QQ)3(AQ
2
) + (AQ3)(QQ)(AQ
2
)2 (14.16)
+(Q
5
)(A2Q)(AQ3)
]
. (14.17)
Note that by examining the global symmetry index structure one can see
that the first term in Wdyn is anti-symmetrized in both the SU(5) and SU(4)
indices, while the second term is anti-symmetrized in just the SU(5) indices.
We can add mass terms and Yukawa couplings for the extra flavors:
∆W =
4∑
i=1
mQiQi +
∑
i,j≤4
λijAQiQj , (14.18)
which lift all the flat directions.
The equations of motion give
∂W
∂(Q
5
)
= (A2Q)(AQ3) = 0 , (14.19)
∂W
∂(QQ)
= 3(A2Q)(QQ)2(AQ
2
) + (AQ3)(AQ
2
)2 +m = 0 . (14.20)
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Assuming that (A2Q) 6= 0 then the first equation of motion (14.19) requires
(AQ3) = 0 and multiplying the second equation of motion (14.20) by (A2Q)
we see that because of the antisymmetrizations the first term vanishes and
therefore
(AQ3)(AQ
2
)2 = −m , (14.21)
but this contradicts (AQ3) = 0, so there is no solution with our assumption
(A2Q) 6= 0.
Assuming that (AQ3) 6= 0 then the first equation of motion requires
(A2Q) = 0, and plugging this into the second equation of motion (14.20)
we find equation (14.21) directly. Multiplying equation (14.21) by (AQ3)
we find that the left hand side vanishes again due to antisymmetrizations,
so (AQ3) = 0 but this contradicts equation (14.21) and our assumption.
Therefore the equations of motion cannot be satisfied, and SUSY is broken
at tree level in the dual description.
14.4 SUSY Breaking and Deformed Moduli Spaces
The Intriligator-Thomas-Izawa-Yanagida [69,70] model is a vector-like theory
which consists of an SU(2) SUSY gauge theory with two flavors43 and a gauge
singlet:
SU(2) SU(4)
Q
S 1
(14.22)
with a superpotential
W = λSijQiQj . (14.23)
The strong SU(2) dynamics enforces a constraint
Pf(QQ) = Λ4 . (14.24)
Where the Pfaffian44 of a 2F × 2F matrix M is given by
Pf(M) = ǫi1...i2FMi1i2 . . .Mi2F−1i2F . (14.25)
43Since doublets and anti-doublets of SU(2) are equivalent, an SU(2) theory with F
flavors has a global SU(2F ) symmetry rather than an SU(F )× SU(F ) as one finds for a
larger number of colors.
44If we artificially divided Q up into q and q then we could follow our previous notation
M = qq, B = ǫijqiqj , B = ǫ
ijqiqj and write the constraint as Pf(QQ) = detM−BB = Λ4.
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The equation of motion for for the gauge singlet S is
∂W
∂Sij
= λQiQj = 0 . (14.26)
Since this equation is incompatible with the constraint (14.24) we see that
SUSY is broken.
Another way to see this is that at least for large values of λS we can
integrate out the quarks, leaving an SU(2) gauge theory with no flavors
which has gaugino condensation:
Λ3Neff = Λ
3N−2 (λS)2 , (14.27)
Weff = 2Λ
3
eff = 2Λ
2λS , (14.28)
∂Weff
∂Sij
= 2λΛ2 , (14.29)
so again we see that the vacuum energy is non-zero.
Since this theory is vector-like (it admits mass terms for all the quarks and
for S) one would naively expect that this model could not break SUSY. This is
because the Witten index Tr(−1)F is non-zero with mass terms turned on so
there is at least one supersymmetric vacuum. Since the index is topological,
it does not change under variations of the mass. However Witten noted that
there is a loop-hole in the index argument since the potential for large field
values are very different with ∆W = msS
2 from the theory with ms → 0,
since in this limit vacua can come in from or go out to ∞ and thus change
the index.
At the level of analysis described above S appears to be a flat direction
but a general feature of SUSY breaking theories is that flat directions become
pseudo-flat. With a non-zero vacuum energy, flat directions can be modified
by corrections from the Ka¨hler potential. For large values of λS in this model
there is a wavefunction renormalization for S [71,72]
ZS = 1 + cλλ
† ln
(
µ20
λ2S2
)
. (14.30)
So the vacuum energy is corrected to be
V =
4|λ|2
|ZS| Λ
4
≈ |λ|2Λ4
[
1 + cλλ† ln
(
λ2S2
µ20
)]
. (14.31)
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So we see that the potential slopes towards the origin. This can be stabilized
by gauging a subgroup of SU(4). Otherwise there is a calculable low-energy
effective theory [73] near λS ≈ 0 (essentially an O’Raifeartaigh model [74])
which has a local minimum at S = 0. The effective theory becomes non-
calculable near λS ≈ Λ. The behavior near this region is unknown.
14.5 SUSY Breaking from Baryon Runaways
Consider a generalization [75] of the 3-2 model:
Sp(2N) SU(2N − 1) SU(2N − 1) U(1) U(1)R
Q 1 1 1
L 1 −1 − 3
2N−1
U 1 0 2N+2
2N−1
D 1 1 −6 −4N
(14.32)
with a tree-level superpotential
W = λQLU. (14.33)
If we turn off the SU(2N−1) gauge coupling and the superpotential, Sp(2N)
is in a non-Abelian Coulomb phase for N ≥ 6, it has a weakly-coupled
dual description for N = 4, 5, it s-confines for N = 3, and confines with a
quantum-deformed moduli space for N = 2. If we turn off the Sp(2N) gauge
coupling and the superpotential, SU(2N −1) s-confines for any N ≥ 2. Here
we will consider the case that ΛSU ≫ ΛSp.
Including the effects of the tree-level superpotential, this theory has a
classical moduli space that can be parameterized by the gauge-invariants:
SU(2N − 1) U(1) U(1)R
M = (LL) −2 − 6
2N−1
B = (U
2N−2
D) −6 −4(N2−N+1)
2N−1
b = (U
2N−1
) 1 0 2N + 2
(14.34)
subject to the constraints
MjkBlǫ
klm1···m2N−3 = 0, Mjkb = 0. (14.35)
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These constraints split the moduli space into two branches: on one of them
M = 0 and B, b 6= 0, and on the other M 6= 0 and B, b = 0.
First consider the branch where M = 0. We will see that later that the
true vacuum actually lies on this branch. In terms of the elementary fields,
this corresponds to the VEVs (up to gauge and flavor transformations)
〈U〉 =
(
v cos θ
v12N−2
)
, 〈D〉 =

v sin θ
0
...
0
 , (14.36)
For large VEVs, v > ΛSU , SU(2N − 1) is generically broken and the
superpotential gives masses to Q and L or order λv. The low-energy effective
theory is pure Sp(2N), which has gaugino condensation. The intrinsic scale
of the low-energy theory is
Λ
3(2N+2)
eff = Λ
3(2N+2)−2(2N−1)
Sp
(
λU
)2(2N−1)
. (14.37)
The effective superpotential is given by
Weff ∝ Λ3eff ∼ Λ3Sp
(
λU
ΛSp
) 2N−1
N+1
. (14.38)
For N > 2 this forces 〈U〉 to zero.
Now consider the case of small VEVs, v < ΛSU , then SU(2N − 1) s-
confines so we have the following effective theory
Sp(2N) SU(2N − 1)
L
(QU)
(QD) 1
(Q2N−1) 1
B 1
b 1 1
(14.39)
with a superpotential
W = λ(QU)L
+
1
Λ4N−3SU
[
(Q2N−1)(QU)B + (Q2N−1)(QD)b− detQQ
]
.(14.40)
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The first term in the superpotential is a mass term, so (QU) and L can be
integrated out with (QU) = 0, and we have a low-energy superpotential
W =
1
Λ4N−3SU
(Q2N−1)(QD)b . (14.41)
On this branch of the moduli space 〈b〉 = 〈U 2N−1〉 6= 0, and this VEV gives
a mass to (Q2N−1) and (QD) which leaves an pure Sp(2N) as the low energy
effective theory. So we again find gaugino condensation with a scale given by
Λ
3(2N+2)
eff = Λ
3(2N+2)−2(2N−1)
Sp (λΛSU)
2(2N−1)
(
b
ΛSU
)2
, (14.42)
and a effective superpotential
Weff ∝ Λ3eff ∼ b
1
N+1
(
ΛN+4Sp λ
2N−1Λ
(2N−2)
SU
) 1
N+1 . (14.43)
Which forces b → ∞, (this is a baryon runaway vacuum) but the effective
theory is only valid for scales below ΛSU , since we assumed v < ΛSU . We
have already seen that beyond this point the potential starts to rise again,
so the vacuum is around
〈b〉 = 〈U2N−1〉 ∼ Λ2N−1SU . (14.44)
With some more work [75] one can also see that SUSY is also broken when
ΛSp ≫ ΛSU .
An especially interesting case is when N = 3, where the Sp(2N) s-confines
and we have the following effective theory
SU(5) SU(5)
(QQ) 1
(LL) 1
(QL)
(Q2N−1) 1
U
D 1
(14.45)
with
W = λ(QL)U +Q2N−1L2N−1 . (14.46)
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The non-Abelian global symmetry group in this case is SU(5) which is just
large enough to embed the standard model gauge groups, and hence this is a
candidate model for gauge mediation [60]. After integrating out (QL) and U
we find SU(5) with an antisymmetric tensor, an antifundamental, and some
gauge singlets, which we have already seen breaks SUSY in section 14.3.
Returning to general N and considering the other branch of the moduli
space where M = (LL) 6= 0, one can see that the D-flat directions for L
break Sp(2N) to SU(2), and the spectrum of the effective theory is
SU(2) SU(2N − 1)
Q′
L′ 1
U
′
1
D 1
(14.47)
and some singlets with a superpotential
W = λQ′U
′
L′ . (14.48)
This is a generalized 3-2 model (see section 14.2) with a dynamical super-
potential. For 〈L〉 ≫ ΛSU the vacuum energy is independent of the SU(2)
scale and proportional to Λ4SU(2N−1) which itself is proportional to a positive
power of 〈L〉, thus the effective potential in this region drives 〈L〉 smaller.
For 〈L〉 ≪ ΛSU we can use the s-confined description above, and find again
that the baryon b runs away. For 〈L〉 ≈ ΛSU , the vacuum energy is
V ∼ Λ4SU . (14.49)
which is larger than the vacuum energy on the other branch, so we see that
the global minimum is on the baryon branch with b = (U
2N−1
) 6= 0.
Further examples of dynamical SUSY breaking can be found in references
[62,76,77,78].
14.6 Direct Gauge Mediation
A more elegant (and more difficult from the model building view point)
approach to gauge mediation is direct gauge mediation where the fields that
break SUSY have SM gauge couplings. These types of models only have two
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sectors (a SUSY breaking sector and an MSSM sector) rather than three.
Consider the model [79]
SU(5)1 SU(5)2 SU(5)
Y 1
φ 1
φ 1
with a superpotential
W = λY ij φ
j
φi . (14.50)
We can weakly gauge the global SU(5) with the SM gauge groups. For large
Y ≫ Λ1,Λ2, φ and φ get a mass and, by the usual matching argument, the
scale of the effective gauge theory is
Λ3·5eff = Λ
3·5−5
1 (λX)
5 , (14.51)
where X = (detY )1/5. The effective gauge theory undergoes gaugino con-
densation, so the superpotential is given by
Weff = Λ
3
eff ∼ λXΛ21 , (14.52)
so SUSY is broken a la the Intriligator-Thomas-Izawa-Yanagida model dis-
cussed in section 14.4. The vacuum energy is given by
V ≈ |λΛ
2
1|2
ZX
, (14.53)
where ZX is the wavefunction renormalization forX. For largeX the vacuum
energy grows monotonically. A local minimum occurs at the point where the
anomalous dimension γ = 0. For 〈X〉 > 1014 GeV, the Landau pole for λ is
above the Planck scale.
The theoretical problem with this model is that for small values of X
there is a supersymmetric minimum along a baryonic direction [80]. For this
regime it is appropriate to look at the constrained mesons and baryons of
SU(5)1. The superpotential is
W = A(detM − BB − Λ101 ) + λYM . (14.54)
There is a supersymmetric minimum at BB = −Λ101 , Y = 0,M = 0. This su-
persymmetric minimum would have to be removed, or the non-supersymmetric
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minimum made sufficiently metastable (with a lifetime of the order of the
age of the Universe) by adding appropriate terms to the superpotential that
force BB = 0
The phenomenological problem with this model is that heavy gauge boson
messengers can give negative contributions to squark and slepton squared
masses. Consider the general case where a Goldstino VEV
〈X〉 = M + θ2F , (14.55)
breaks SUSY and breaks two gauge groups down to the SM gauge groups
G×H → SU(3)c × SU(2)L × U(1)Y , (14.56)
with
1
α(M)
=
1
αG(M)
+
1
αH(M)
. (14.57)
Analytic continuation in superspace gives
Mλ =
α(µ)
4π
(b− bH − bG) F
M
, (14.58)
and
m2Q = 2C2(r)
α(µ)2
(16π2)2
(
F
M
)2
[
(b+ (R2 − 2)bH − 2bG)ξ2 + b− bH − bG
b
(1− ξ2)
]
, (14.59)
where
ξ =
α(M)
α(µ)
, (14.60)
R =
αH(M)
α(M)
. (14.61)
This typically gives a negative mass squared for right-handed sleptons.
Another danger for direct mediation models arises if not all the messen-
gers are heavy. Then two-loop RG evolution gives:
µ
d
dµ
m2Q ∝ −g2M2λ + cg4Tr
(
(−1)2Fm2i
)
, (14.62)
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the one-loop term proportional to the gaugino mass squared drives the scalar
mass positive as the renormalization scale is run down, while the two-loop
term can drive the mass squared negative. This effect is maximized when
the gaugino is light, so in the standard case where the gluino is heavy, then
again it is the sleptons that receive dangerous negative contributions. This
effect is also dangerous [81] in models where the squarks and sleptons of the
first two generations are much heavier that 1 TeV.
14.7 Single Sector Models
Another appealing approach to gauge mediation is to have the strong dy-
namics that break SUSY also produce composite MSSM particles [82]. Thus
rather that having three sectors (one for the standard model, one hidden sec-
tor that dynamically breaks SUSY, and one “messenger” sector that couples
to the SUSY breaking and has standard model gauge interactions) there is
really just one sector.
Consider a SUSY model with gauge group SU(k) × SO(10) with the
following matter content45:
SU(k) SO(10) SU(10) SU(2)
Q 1 1
L 1 1
U 1 1
S 1 16 1
(14.63)
and a superpotential
W = λQLU . (14.64)
The SU(10) global symmetry is large enough to embed the standard model
gauge group, or a complete Grand Unified Theory gauge group (SO(10) or
SU(5)) can be embedded.
This is a baryon runaway model (similar to the models described in section
14.5). For large detU ≫ Λ10
Weff ∼ U10/k , (14.65)
45Note that the spinor representation of SO(10) has dimension 16.
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while for small detU ≪ Λ10:
Weff ∼ U 10(1−γ)/k , (14.66)
where γ is the anomalous dimension of U which depends on the as yet not
fully understood details of SO(10) gauge theories with spinors [83], but which
seem to have infrared fixed points [57,83]. For 10 ≥ k > 10(1− γ) SUSY is
broken. There are two composite generations corresponding to the spinor S.
The composite squarks and sleptons have masses of order
mcomp ≈ F
U
. (14.67)
where F is the value of the F -component of U which breaks SUSY (i.e.
the vacuum energy is |F |2). This can be thought of as gauge mediation
via the strong SO(10) interactions. The global SU(2) symmetry enforces a
degeneracy that suppresses flavor changing neutral currents. The composite
fermions can only get couplings to the Higgs fields from higher dimension
operators, so they are light. The fundamental gauginos and third generation
scalars get masses from gauge mediation. Since the superpartners of the the
first two (composite) generations are much heavier than the superpartners
of the third generation, the spectrum is very similar to that of the “More
Minimal” Supersymmetric Standard Model [84].
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